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Abstract

Relativistic symmetries of the Dirac Hamiltonian had been discovered many years ago but only recently have
these symmetries been recognized empirically in nuclear and hadronic spectroscopy. The empirical data supporting
spin symmetry in hadron spectroscopy and pseudospin symmetry in nuclear spectroscopy are reviewed. Realistic
relativistic mean field calculations of nuclei and QCD sum rules are reviewed and shown to support approximate
pseudospin symmetry. These revelations suggest a more fundamental rationale for pseudospin symmetry motivating
an investigation for pseudospin conservation in the nucleon—nucleon interaction. Open questions regarding hadron
spin symmetry and nuclear pseudospin symmetry are discussed.
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1. Introduction

The discovery of relativistic symmetries of the Dirac Hamiltonian originated from early attempts to
calculate meson masses using the Dirac Hamiltonian with external potentials to describe the dynamics
between a quark and antiqugik]. The authors noted that, if the external potentials are limited to a
Lorentz scalar and the time component of a Lorentz vector, and, if these two potentials were equal up
to a constant, the resulting masses are independent of the orientation of the spin. Such degeneracies ar
commonly assumed to be due to non-relativistic dynamics since relativistic dynamics introduces spin-
orbit splittings. But this work showed that this is not necessarily the case. If the Lorentz scalar and the
time component of the Lorentz potential are equal, but individually large compared to the mass of the
quarks, the Dirac Hamiltonian will produce highly relativistic motemd spin degeneracy.

Four years later the relativistic spin generators for this symmetry were d¢2ived the process, more
general Dirac Hamiltonians were shown to have a “spin-like” symmetry if the Lorentz vector potentials
with all four components non-zero are related to the scalar potential in a particular way which is elucidated
in detail inthe next section, Section 2. The original application of the Dirac Hamiltonian for the calculation
of meson masses did not correctly predict the masses of the mesons because the mesons that were studie
are composed of light quarks for which the one body Dirac Hamiltonian is not a valid approximation.
More recently, the spin symmetry of the Dirac Hamiltonian has been successfully applied to mesons in
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which either the quark (antiquark) is light and the antiquark (quark) is hEvyWe shall review the
present status of relativistic symmetries in hadrons in Section 14.

Spin symmetry is easily detectable empirically because the mass (or energy) spectrum will be inde-
pendent of the alignment of the spin with the spatial degrees of freedom. For exampigtetate, for
which the spin is unaligned with respect to the unit orbital angular momentum, will be degenerate with
the p3/, state, for which spin is aligned with the unit orbital angular momentum. Also the spin aligned
statesy /2 will have no unaligned partner because coupling spin to zero orbital angular momentum can
only produce angular momentu%m

On the other hand the other symmetries of the Dirac Hamiltonian that Bell and Reugg discovered are
not as transparent. For example, a Dirac Hamiltonian with a Lorentz scalar potential and a Lorentz vector
potential (with only a time component) equal in magnitudedpgositan sign will produce a “spin”-like
symmetry, which has become to be called pseudospin symmetry. As we shall see in Sections 2 and 3, in
this case theyy > state and @32 will not be degenerate. In fact thg > state will not have a degenerate
partner and thefs/, state will be degenerate withs,/, state, thels , state will be degenerate with a
s1/2, and so on. In other words, the degenerate states differ in orbital angular momentum by units of two.
For this reason the origin of a quasi-degeneracy among states with these quantum numbers observed ir
nuclei many years agf#,5] remained hidden and only recently has been discovi@edn Section 4
we shall review the history of pseudospin symmetry in nuclei, both experimental and theoretical aspects,
prior to the discovery of pseudospin symmetry as a relativistic symmetry. Because pseudospin symmetry
is now known to be a relativistic symmetry we examine relativistic nuclear theories in Section 5 from this
new perspective. This leads to possible quantum chromodynamics (QCD) foundations for pseudospin
symmetry which is discussed in Section 6. We shall then go on to explore the theoretical and empiri-
cal consequences of this new insight, that pseudospin symmetry is a relativistic symmetry, in Sections
7-9. The marriage of pseudospin with isospin into pseudo-SU(4) is reviewed in Section 10 whereas in
Section 11 we discuss the isospin dependence of pseudospin symmetry. In Section 12 we investigate
pseudospin symmetry in nucleon—nucleus scattering. In Section 13 we show that pseudospin symmetry
for nucleons in a nuclear mean field implies spin symmetry for anti-nucleons bound in a nuclear mean
field. We go on to discuss in Section 15 the exactly solvable Dirac Hamiltonians which have harmonic
or Coulombic scalar and vector potentials and the additional symmetries that these special potentials
engender.

The Dirac Hamiltonian describes the dynamics of relativistic single particle motion. For one light quark
interacting with heavy quarks or for nucleons moving in the mean field of many nucleons in a nucleus, the
Dirac Hamiltonian may be a good approximation. However for interacting particles of comparable mass
the Dirac Hamiltonian is not appropriate and other approaches are necessary. In Section 16 we investigate
pseudospin conservation in nucleon—nucleon scattering which will test pseudospin symmetry at a more
fundamental level beyond the mean field.

Finally in Sections 17 and 18 we summarize and discuss open issues remaining to be investigated.

2. Symmetries of the Dirac Hamiltonian

The Lorentz covariant Dirac equation for a single particle with nMass[7]:

[Plep, + gv Au(x)] + Mc? + Vs(x,)]¥(x,) =0, (1)
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wherex, is the four spatial vectakz, 7), is the three-dimensional vector, y, z), p, = —iﬁ%, Apu(xy)

is the Lorentz vector potentig@io(x,,), A’(x#)), cis the speed of light, antls(x,) is the Lorentz scalar
potential. The Dirac matrices are four by four matrices

v°=($ _°1>=ﬂ, ¥=(_°3 g)=ﬁa, @

wherel is the two dimensional unit matrix aredare the two dimensional Pauli matrices. Assuming that
the potentials are time independent, the Dirac wavefunction can be factarieed = e 'Et/T¢p(F), and,
after multiplying through bys, the Dirac equation reduces to an eigenfunction equation,

H(D(?) = Eqﬁ(?) , (3)
where
H=7%-[cp+gvAF)]+ Vy(F) + BIMc? + Vs(F)] (4)

is the Dirac Hamiltonian andty () = gy Ao(¥) to conform to popular notation.
The conclusions that follow remain valid if we add an arbitrary constant to the vector and scalar
potentials

V() = Vy () +cv, Vs() - Vs(F) +cs %)

because we can just adjust the energy and mass by the same constant so that the Dirac equation remair
unchanged:

E—E+cy, M- Mc®—cg. (6)
2.1. General Bell-Reugg symmetries

We assumé’y () # 0 and define a Euclidean four veceyr= (eg,0, €o) such that
e00=Vs(")/Vy (). éo=AF)/Vy (). 7
Then, if this four vector is a unit vectogy - eg = €g - ég + e%yo =1, which is equivalent to
Vs(i)2 = Vy ()2 — g2 AF) - A(F) = g5 A" (P Au(F) ®)

the Dirac Hamiltonian has an SU(2) invariant symmetry.

In order to prove this statement we define three additional unit Euclidean unit four veetdes o, ¢;),
i =1, 2, 3which are orthogonal to the unit four vectr= (eo,0, €o). We then define prime Dirac matrices
which are projections on to this new basis:

B = Beoo+a- o (9a)
% =feio+a-é, (9b)

where(o], o, o5) =4 . This Euclidean orthogonal transformation of the Euclidean four végtos ) and
six dimensional representatiof;, y;), is discussed in more detail in the appendices (Section 19).
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Since these new Dirac matrices are related to the original Dirac matrices by an orthogonal transfor-
mation, they have the same anticommutation and commutation relations as the original Dirac matrices;
that is,

B.0Y=2 Aw, o} =~ v} =121, 2} =285 (10a)
B,y =1,71=0, {f.2}}=28%, (10b)
(2o} =20 jvs, {217} =201 i85 {0} = —2ieiju ' (10c)
[0, &1 =7, 7] = (2], 2] = 2iejj 2y, (11a)
(B, F1=18.21=0, [f.1=2/ (B, 7]=2, (11b)
[0}, ;1= =20 B, (2%, &1 = 2leijuo, (21,91 = 2ieijire (11c)

wherey = p'% and2’ = (&' x 2)/2i. Similarly, transforming the four vecta/c, 5) we have,
M'c=Mcego+p-éo, (12a)
pi=Mceio+p-é. (12b)
Then the Dirac Hamiltonian with the Bell-Reugg condition in Eqg. (8) becomes

Her=1-[cp+ gvAP] + Vv (F) + PIMc? + Vs(¥)]
=3 cF + WA+ )+ M (13)

In the appendices (Section 19), using Egs. (10)—(11), it is shown that the generators

2/ 2/

- 2 fd - Z fd -
S="Q+p+% == Fa-p) (14)
4 4p' - p’
form an SU(2) algebra and commute with the Dirac Hamiltorfiyg,
[Sl{, S;] = iﬁiij],C , (158.)
[S/, Her] =0 . (15b)

Thus the operator§; generate an SU(2) invariant symmetry igr. Therefore each eigenstate of the
Dirac Hamiltonian has a partner with the same energy,

Herapy (F) = Exdp () (16)
wherek are the other quantum numbers ane-= £3 is the eigenvalue af.,
SLORR (7) = W OFR, (7). (17)

The eigenstates in the doublet will be connected by the generitors

. BR - 1 3 .
SLORh (F) = \/ (5 ¥ ,/> <§ + ,/) DR 1 (F) (18)
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The Dirac eigenfunctions with a Lorentz vector potential with non-zero three compovﬁﬁ)s;é 0,
will not conserve parity. To date there has not been an applicaticfj fwith A(r) # 0 for single-particle

dynamics. Thus, we shall limit ourselves to the symmetries With) = 0. However, beyond single-
particle dynamics, the Bell-Reugg symmetries witfr) = 0 may prove to be very useful as speculated
in Section 18.

2.2. Spin symmetry

Spin symmetry occurs fovy (7) = Vs(¥) + Cy in the Dirac Hamiltonian in Eq. (4) wher€; is a
constant. This is the equivalent o= f,% =%, p’ = p andM’c? = Mc? + C, in Eq. (13). The Dirac
Hamiltonian with spin symmetry is

Hy=3-cp+ Vy @A+ p) + p(Mc? 4 Cy) (19)

and the spin generators are

= (O 0) , (20)

wheres = 5/2 ands = U,sU, whereU, = ¢ - p is the helicity unitary transformatid8]. We can write
the eigenstate@ivuﬁ) of the Dirac Hamiltonian,

Hy @y () = Ex @} ,(F) (21)
as a four dimensional vector,
PG
& (P = i‘iﬁ;ﬁ ((;)) , 22)
G

whereg,::u(?) are the “upper Dirac componentsfkjf#(?) are the “lower Dirac components” and
indicates spin up and spin down.

Since these eigenstates must also belong to the spinor representation of the spin group, these amplitude
in the doublets with: = i% must be related as indicated in Egs. (17)—(18),

Sztpi’ﬂ(?) = u‘lﬁi,u(?) , (23)
and the eigenstates in the doublet will be connected by the genefators
s - 1 3 s >
S:I:QD}(,#(”) = > F u > tu (D}(,uil(”) . (24)

Clearly from the fact that the upper component of the spin generators in Eq. (20) is Sinkay (23)
implies that9]

g]_:,l/z(’_;) = gk_,l/Z(’_;) =0, (25)
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while Eqg. (24) implies that
812 = & _1/o(F) = g () (26)

For the lower components the relationships are more complicated because the épatamvines spin
and space due to the dependence on the momentum. In order to simplify the derivations of the conditions
on the lower component we introduce the functi(f;j'%,

i + (7
<Ji";*‘(i)) = U, (f kj‘@) , 27)
iG] fe )
which has the inverse,
+ (7 Ao
(D) g, (Y &
fi @ G
Then from Eqgs. (23), (24), (27) and
Pz P-
U,= : 29
r <p+ _Pz> (29)
whereps = p, £ ip,, we deduce thap; f,;l/z(?) = pi JF/:—l/z(ﬂ = 0 which leads to
fk?l/z(;; )= fl:l/Z’ f/:,r—l/z(F )= fl:-l/Z : (30)
that is, these amplitudes are constants. For the other amplitudes we derive
- p "’:t - — -
fkj,L+1/2(r) = ?ka,il/Z(r) = _fk,—l/Z(r) ' (31)
and
f+ (" _ p__ ~t = — >\ p_+ ~+ - 32
k,—1/2 r)= D fk,il/Z(r)’ fk,l/2(r) ~ fk,il/Z(r) . (32)
From Egs. (31) and (32) we get
ka,rl/z(’_;) = _fkj_]_/z(’_;) = fk(’_:) ) (33)
o .0 - o .0 -
<a + |5) fk—t—_]_/z(”) = (a - |5) fk,]_/z(”) , (34a)
0 4 . o .0 n -
afk;l/z(”) == (a + |a> fk,:tl/z(r) . (34b)
Therefore spin symmetry dictates that the Dirac wavefunctions in the doublet then become
gk (r) 0
s my 0 s o gk ()
Pe12M =1 g |0 P2 = FARTION I (35)

i fe1/2() —i fr (F)
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Thus, instead of the eight independent amplitudes for the two states in the doublet, there are four ampli-
tudes, one upper and three lower, and the three lower are related by first order differential equations in
Egs. (34).

2.2.1. Axially symmetric potentials

If the potentials are axially symmetric then the Dirac Hamiltonian has an additigiia) symmetry.
Axial symmetry meand/s(7) = Vs(p, 2), Vv () = Vv (p, 2), Wherep = /x2 + y2 andx = p cog¢),
y=pSsin(¢); thatis, the potentials are independent of the azimuthal afhdglbe Dirac Hamiltonian will
then be invariant to rotations about thaxis,[L,, H;] = 0 where

zq:(% 2), (36)

and?, = Upt .U, and?, =r x p and thus the invariant group will b&€U(2) x Uy(1). Then the
Dirac eigenstates are eigenstates oftth€l) generator/ ., and the total angular momentum generator
J, =S, + L,, which is also conserved,

(0
=5 9) @)

wherej, =, +s, =, +5..

The conventional method of labeling the eigenstates of axially deformed single-particle states in nuclei
is to use the asymptotic quantum numbeéXs 3, 4] Q that emerge in the limit of a non-relativistic
axially symmetric deformed harmonic oscilla{@0] and in the limit of a relativistic axially symmetric
deformed harmonic oscillator with spin symmeiyi] that we shall discuss in the Section 15, where
N is the total harmonic oscillator quantum numbet,is the number of nodes in thedirection, A is
the angular momentum projection along thdirection, andQ is total angular momentum along the
z-direction including the spin.

However, for realistic axially symmetric potentials only the quantum numbensd are conserved
in the pseudospin limit. The eigenstates will then be eigenfunctions of the conserved quantum numbers

The two states in the doublet will have the same orbital angular momentum projected along the symmetry
axis 4 but will have different total angular momentum projected along the symmetry@xis| + % and
Q=4 % SinceN andns are not conserved, we designate the additional quantum numbers needed to
specify the single particle states by the generic quantum nuignber

Following Eq. (35) the Dirac eigenstates in the doublet will therefore have the form

gn,A(p’ Z)eiA¢
oM F) = o Q=41 - 39
141720 = i f.4(p, 2)€1?  BEATS (39)
if,;/l,l/z(ﬂ’ Z)el(/H_l)(b
0 .
, B, gn.a(p, 2)€1? ) 1
P — 1. il Q=1A——. 39b
A, —172(1) 4 1 a(p €A | > (39b)

—i fy4(p, 2)€19
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From Eq. (34) spin symmetry predicts the following differential relations between the lower amplitudes:

o A+1\ ,_ o A-1
<$ i T) Fra7200:2) = (5 - T) Foa-1/2(0:2) (402)
o .. 0 A\ .4
oz fnazrelp D =% <$ * ;) o120 2) - (400)

2.2.2. Spherically symmetric potentials
If the potentials are spherically symmetric then the Dirac Hamiltonian has an addi§éhal2)

symmetry[12]. Spherically symmetric meang (v) = Vs(r), Vy (¥) = Vy (r) wherer = /x2 4+ y2 4 z2;
that is, the potentials are independent of the polar athghderez = r cog6), p = r sin(6), as well asp.
The Dirac Hamiltonian will be invariant with respect to rotations about all three gkgst,] =0 where

- {0
L=<02), (41)

and? = U,,EU,, and the invariant group will b8U ¢ (2) x SU 1 (2). The Dirac eigenstates will then be an
eigenfunction ofL - L as well asL, andJ,,

L-L&, ,, A =Ll+Dd , 7, (42a)
Lz(pzr,é,m,,u(?) = m(pzr,é,m,,u(?) ! (42b)
JZ(pzr,Z,m,,u(’_:) = M(pfzr,i,m,,u(?)’ M =m + Mo (42C)

where the radial quantum numberis the number of nodes of the upper amplitude at poirngs0, co
and is discussed in more detail in Sectior & the orbital angular momentum in unitsipfM =m + g,
mits projection, and the generators (41) will connect states with the éame differentm,

La®) ;, (D=VUFTm)EEm+ &, 1 7). (43)
As shown in the appendices (Section 19) these conditions will give for the amplitudes in Eq. (35),

gn (Y0, ¢)

0 1

$ =1 —t+1/2 j ) _ -

(pnr,ﬁ,m,l/Z(/") |§ :jig/_l/zAIJnfnr,Z,j(r)ij 0, ¢) , M=m+ 5 (44&)
;)

—l+1/2 j
|Zj:Z/_1/zBrjn’1fn,’£,j(V)Ym+l(0, o)

0
gn (DY (0, ¢) 1
M=m-—=> (44b)

@’ F)=1] .—t+1/2 ' «;)

ot =320 = G2 BT fo i 0,00, 9) | 2"
4172 ' (£5)

—'Zjiz/_l/zAfnfﬂrl»j(r) m’ (0. )
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whereY,ff)(e, ¢) is the spherical harmonic of ordéy¢; is given by

€g+1/2=€ +1, (45a)
bo—1p=0—1, (45b)
and

L+ EmG+3—m)

Ap=—= 2 2 : 46

2\/ jG+1) (462)

~ 1/G+1E —0OmEG £ —Om=E3)

B, == ) 4
m,£1 2\/ j(j+1) ( 6b)

The reason that + 1 appears in the lower amplitude is because of the unitary transforniagion the
lower component of the orbital angular momentum given in Eq. (41) which changes both the parity and
the orbital angular momentum by at most one unit.

Thus the spherical symmetry reduces the number of amplitudes in the doublet even further from four
to three and two of these amplitudes are related by a first order differential equation

(6 42 0o (-1

P T) Jn e e4172(r) = <5 - T) Jnt0-172(r) . (47)

Since the total angular momentum = L + S, is also conserved, the usual convention is to use the
coupled basis,

: > 0(1/2)] -
v =Y C e ) (48)
m,u

which is also an eigenfunction df- J but not of L_:

j‘jwir,e,],M(?)zj(‘]+1)qur7€?]*M(F) 1 (49a)
Z szr,f,j,M(?):Z(E—i_l)wzrqéu/qM(?) 1 (49b)
S 0 i) =MY, () (49¢)

Rather than using the four row basis for this eigenfunction, it is more convenient to introduce the spin
functiony,, explicitly. The states that are a degenerate doublet are then the statgswith- % and, as
shown in the appendices (Section 19), they have the two row form

v - ( g e (YO0, )11y )
b i (DY (0, $)215)
where[Y (0, qb)x]%) is the coupled amplitudg”,, Ci%f)ng)(B, D)1y
While n, is the number of radial nodes of the upper amplitude of eigenstates in the spin doublet, the
number of radial nodes of the lower amplitudes will be determined by the Dirac Hamiltonian which will
be discussed in detail in the next section. Neverthelessthe quantum number of the Dirac eigenstate
and therefore we use it to label the lower amplitudes as well.

(50)
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2.3. Pseudospin symmetry

The pseudospin symmetry occurs $6f () = —Vs(7) + Cps. In this cases’ = —,5' =2, p’ = p and
M'c?=—(Mc?+ Cps), and the Dirac Hamiltonian with pseudospin symmetry is
Hps=&'cl_5+VV(7)(1_ﬂ)+ﬁ(MC2+Cps) ; (51)
and the pseudospin generators [A1%]
2 (50
s_<05). (52)

ThereforeS = y5§y5 whereyg = (g é) . Following similar logic as in the previous section we find
that[9]

T 1@ = i3 =0 (53a)
T ® =171, =@ (53b)
81.127) = 81 _100) = 8 (53c)
(a i |5> 812" = <_x a l@) IRTARE (53d)
¢ I 0 . 0 + >

e (a i '@) AR (53e)

Thus, for pseudospin symmetry thlever components have the same spatial wavefunction, while the
other upper components can have very different spatial wavefunctions. The upper components are the
large components and dominate most experimental probes of the nucleus. This is the reason that the origin
of pseudospin symmetry took almost 30 years to be discovered.

Thus the eigenstates in the doublet have the form

8 (") 8 1,7
ps - | & () ps o _ - (F)
Prae) = ]f]}k/(zf) o )= g(k)r : (54)
i f7(F)

Thus, instead of the eight independent amplitudes for the two states in the doublet, there are four ampli-
tudes, one lower and three upper, and the three upper are related by first order differential equations in
Egs. (53).

2.3.1. Axially symmetric potentials
If the potentials are axially symmetric then the Dirac Hamiltonian has an additigaél) symmetry.

The Dirac Hamiltonian will then be invariant of rotations aboutzmis,[iz, Hps] = 0 where

. . 0
LZ = ( 0 ZZ) ) (55)



J.N. Ginocchio / Physics Reports 414 (2005) 165-261 177

and the invariant symmetry iU ps(2) x Ups(1). Then Dirac eigenstates are eigenstates ofUihgl)
generator[ ., and the total angular momentum generatoe S, + L., which is also conserved,

PPS F’S = ps ps -
o =10 @), o ) =00 @, (56)

where is the pseudo-orbital angular momentum projection along the symmatig, @ = A + i is the
total angular momentum projection along the symmetaxis, and; represents any additional quantum
numbers needed to specify the eigenstates.

Therefore from Eq. (54) the Dirac eigenstates in the doublet will therefore have the form

gf,,;l(pa Z)eiA¢

- i(A+D)¢ -
7 = | 81112 ® . (57a)
11 A 1/2 Q . i1 2’
/51, 2)€
0
+ i(A-1)¢
8 11205 € ~ .
ps oy o - gao _ 5T
Pia1200) = g"’A(g’ 2 - 9=A-5 (570)

i £ 1(p. )€1

with the upper components satisfying the following differential relations:
3 A+1\ _ o A-1
(5 + - ) 8; 4120 )= (5 e ) gﬁ 41200 (58a)

0 . A
e =4+ =+ = . 58b
" gﬁ’A’:Fl/Z(p, 2) (ap p) gﬁ,A,ﬂ/z(p, 2), (58b)

which follow from Egs. (53).

Although it makes sense to label the eigenstates with the pseudospin and pseudo-orbital angular mo-
mentum projection because they are the conserved qguantum numbers, experimentally the deformed single
particle states are labeled by the orbital angular momentum projection along the symmetry axis. In the
pseudospin limit the orbital angular momentum projection is conserved only in the extreme case that the
vector and scalar potentials are a constant. The projection opétatop)/2 projects the upper com-
ponents from the Dirac eigenfunction. The orbital angular momentum projection generator in Eq. (41)
operating on the upper components gives

1+ p) B, A+ 1o - g+ -1
L. 3 ‘ppsu/zg(r)_ 4+ )gﬁ,A,l/é(p,z) , _Q/=/1+§, (59a)

0
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(A=Dgl | (e -D?
(1+B) ps L . ) _s 1
L, > ) 1/29/( r)= gn,A(é),z) , Q_A—E. (59b)
0

Therefore, in order for the upper components to have a definite orbital angular momentum projection,

1. 2)=0 (60)
and

A=A-1 Q=4-3, (61a)

AN=A+1 Q=1+3. (61b)

This agrees with the orbital angular momentum projection quantum numbers associated with pseudospin
doublets as outlined in Section 4. Also Eq. (60) suggesthw}?(p, z) will be small for realistic eigen-
functions as we shall see in Section 7.

2.3.2. Spherically symmetric potentials
If the potentials are spherically symmetric then the Dirac Hamiltonian has an addiionRaP) sym-

metry. The Dirac Hamiltonian will be invariant with respect to rotations about all threefdxe$/ps| =0
where

i:(g g) , (62)

and hence the invariant group will 88/ ,5(2) x SU; (2). The Dirac eigenstates will then be an eigen-
function of L - L as well as.. and /.,

L- iqsgszm (F) =0 + 1)qspsm 7, (63a)

r pPS -y~ £PS -

qu)ﬁ,j,nﬁ,,}(r) = m@nr’z’m’ﬁ(r) , (63b)
ps _ ps >

Jz(pnr T [t( r)= MQD i ﬁ(”) ) (63c)

whereri, is the pseudo-radial quantum numh&f= m + i and the generators in Eq. (62) will connect
states with the samgeand differents,

- s o JEFmEEm+1) ps )
La® i) _\/ 2 Pt (64)
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As shown in the appendices (Section 19) these conditions will give for the amplitudes,

i+1/2 U @)
Z] =i 1/2Amm i Y5 0. 9)
+1/2 M (g ) 3 1
o D= | s, f’(mﬂ“(e D m=m+3, (65a)
if; ;Y. ¢)
0
i+1/2 o
Z] —i— 1/2Amrjn 1ngr€j(”)Y~ (0 ®)
i4+1/2 Z @) 1
(psse _1/2(r)= Z—z 1/2 mms 2 NYR 7 0.90) |, M=m—§- (65b)

if; ;Y. 9)
Just as for spin symmetry the spherical symmetry reduces the number of amplitudes in the doublet from
four to three and two of these amplitudes are related by a first order differential equation

0 (+2 o (-1
(5 + e ) i, ii1/2(1) = (5 T ) i, ii-1/2() - (66)

Since the total angular momentum,= L + $, is also conserved, the usual convention is to use the
coupled basis,

0(1/2)) ps -
nr K s M(r) Z Cm,uM nyl ,ﬁ’ﬁ,M(r) ) (67)

m, fi

which is also an eigenfunction df- J but not of .:

=t =4 ps 2N s ps -

J- leﬁr,f,j,M(r) =j(j+ 1)qjﬁ,,t7,j,M(r) , (68a)

P oy 55 ps >

L-Lys () =ld+D¥> @), (68b)
v =My ) . (68c)

M il j.M

Rather than using the four row basis for this eigenfunction, it is more convenient to introduce the spin
functiony; explicitly. The states that are a degenerate doublet are then the statgs-with- % and, as
shown in the appendices (Section 19), they have the two row form

) ()
W o (S es OO0 ©9)
frit.d. M i £, (YO0, )11,

Thus spherical symmetry reduces the number of independent amplitudes even more to two upper
amplitudes and one lower amplitude. The two upper amplitudes are related by the differential equation in
Eq. (66).

For pseudospin the lower component spatial amplitudes in the doublet are equal and therefore it is
convenient to label the eigenfunctions by the radial quantum number and orbital angular momentum
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of the lower component. However, the experimental eigenfunctions are labelled by the radial quantum
number and orbital angular momentum of the upper component. We see from Eq. (69) that the orbital
angular momentum of the upper componerﬁjiand from Eq. (45) that the relation between the orbital
angular momentum of the upper component and the pseudo-orbital angular momentum is given by

t=0-1 forj=0—3=¢+3, (70a)
U=0+1=0+2 forj=Ci+3i=0-1, (70b)

which agrees with the original assignments over 30 years ago as discussed in the Introduction.
As for the radial nodes, we shall show in the next subsection that the radial nodes of the upper
components are related to the radial nodes of the lower compongni,

n.=n, forj=0-%, (71a)

n,=i,—1 forj=0+3. (71b)

3. Radial nodes and bound states

In general the Dirac eigenstates have four spatial amplitudes as seen in Eq. (22). Spin symmetry or
pseudospin symmetry impose relations between upper components and between lower components bu
they do not impose conditions relating upper and lower components. However, the Dirac eigenfunction
(3) relates these amplitudes by means of first order differential equations in the spatial coordinates:

<f+(7)> _ —ic < P&t )+ p_g= () ) (72a)

7)) T E+ M+ Vs—vy \—pg” )+ pirgt) )

<g+<§>> _ e ( B+ p-f ) ) (72b)
g (r) E—Mcz—Vs—VV —pfT D +peft@E) )

where we has suppressed the quantum numbers. Therefore we can ask: what are the implications of
these relationships? For the general case we shall make some qualitative statements. For the spherice
symmetry limit this question has been explored in dd¢fad-16]and we shall be able to draw definitive
conclusions.

3.1. Radial nodes in general

3.1.1. Spin symmetry
In the spin symmetry limiVg = Vy + Cy, whereC; is a constant, we have from Eq. (72a)

—fic 0
2 — ), 73a
Ji () B METC, 578 (73a)
—fic 0 0
o) = — +i— r), 73b
T2 Ex + Mc? + Cy (@X Iay> 8 (730)
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—fic 0 0
+ 7 i =
7 [ r) . 73c
Te-12®) Ey + Mc? + Cy (ax ay)g"( ) (73¢)

If we assume the nodes in one direction are independent of the other directions, we can draw the following
conclusions from these differential relations:

(1) fx(¥) has the same number of nodes in the directions ag; (r), and
(2) f12(), fi'_1/o(F) have the same number of nodes in #rection asgy (7).

In the axially symmetric limit this reduces to:

(1) fy,4(p, 2) has the same number of nodes in theirection asgy 5, 4(p, 2),
(2) fﬂTA,l/Z(p, 7) andfﬂf/l,_l/z(p, z) have the same number of nodes in #rdérection asg, 1 (p, 2).

3.1.2. Pseudospin symmetry
In the pseudospin symmetry limifs = —Vy + Cps, WhereCps is a constant, we have from (72b)

fic 0

() = 2(F) 74a

gk( ) E£ —MCZ—Cps asz( ) ( )
fic o .0

- (P = —ti— ) (), 74b

812" E; — Mc% — Cps (ax - ay) Je) (74b)
fic o .0

+ r) = ——i— ) (. 74c

8 120 E; — Mc? — Cps (ax ay) i) (74c)

If we assume the nodes in one direction are independent of the other directions we can draw the following
conclusions from these differential relations:

(1) g;(r) has the same number of nodes in the directions asf; (r), and
(2) giz_l/z(;)’ g;_l/z(?) have the same number of nodes in fitirection asf; (7).

In the axially symmetric limit this reduces to:

Q) &P, 2) has the same number of nodes in phdirection asf; 5(p. 2) andA = 4,

— + . . . 5
(2) gﬁ’;l,l/z(p, Z) andgﬁ’;l’_l/z(p, z) have the same number of nodes in #irection anﬁ’A(p, 7).

However, these conclusions are valid only if the number of nodes in one direction are independent of
the other directions. This is true for the relativistic harmonic oscillftaf but is not true for realistic
deformed potentials.

3.2. Radial nodes in the spherical symmetry limit

We shall determine the relationship between the radial nodes in general at first, not necessarily in
the spin or pseudospin symmetry limit. We shall show that, if the number of radial nodes of the upper
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componentis known, then the Dirac equation predicts the number of radial nodes of the lower component,
and vice versa. If in addition there is a spin or pseudospin symmetry, the number of radial nodes in the
partner eigenstate are then predicted as well.

3.2.1. Radial nodes in the spherical symmetry limit: general
In the spherical symmetry limit the operator
R=—BG-L+1) (75)

commutes with the Dirac Hamiltoniaf, k] = 0, independent of spin and pseudospin symmgtty
The Dirac eigenstates will then be eigenstates of this operator

’%?’nr,K,j,M(’_:) = KY]n,-,K,j,M(’_:) (76)
with eigenvalues
k=20 +3), (77)

and the eigenstates are labeled by this conserved quantum number rather than the orbital angular mo-
mentum or pseudo-orbital angular momentum.
The eigenvectors have the form

] Y (0, )1
,Pn,,ic,j,m(r) — (.gnr,K,J( )[ " )( QS)X] (])) (78)
|y e, (r) TYSP(0, )yl
with
bu=x, G=x—1 forj=0,—3=0+3, (792)
and
by=—xk—1 G=—x forj=t,+3=0-1; (79b)

that is, for states unaligned with orbital angular momentum or aligned with pseudo-orbital angular mo-
mentum,x > 0, and for states aligned with orbital angular momentum or unaligned with pseudo-orbital
angular momentums < 0. We note that both the upper and lower components depepdloen there is
no spin nor pseudospin symmetry.

For simplicity in the following we suppress all guantum numbers and label the radial amplitudes only
with x. The Dirac equation in terms of these two radial amplitudes bec@tdgs

dge(r) _ (41

dr gi(r) + A(r) fi(r) , (80a)
df -1
B0 D ) - Bos) (80D)
r r
where
AC) =B+ M+ Vs(r) = Vv (], (812)

B(r)=[Ex—M —Vs(r) — Vy(r)] . (81b)
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In the following we shall use Eq. (80) to determine how the number of radial noggs$9fis related to
the number of nodes of,.(r). The number of radial nodes is the number of times the amplitude becomes
zero other than at the points= 0 or co.

3.2.2. Positive energy Dirac eigenstates

For nuclei the potentials will be finite at the origiv,s(0)| < oo, | Vy (0)| < 0o, and go to zero mono-
tonically asr — o0. Also we know the binding energies for nuclear statés; E,, <40 MeV, are much
smaller than the mass of the nucled#i,= 938 MeV. As we shall see in Section 5, for realistic nuclear
potentialsA (r) > O for allr. On the other hand/s(r) 4+ Vy (r) is the potential that binds the nucleon and
therefore it must be attractive and, at the origin, greater in magnitude than the binding energy but must
vanish as- — oo. HenceB(r) starts off positive at the origin but decreases monotonically and becomes
negative ag — oo and therefore vanishes at some poigt rp.

We introduceG () = rt1g,.(r) andF.(r) = r ~“*t1 f.(r). Then in the open intervaDd, oo), nodes of
fi(r) andg,(r) coincide with nodes of,.(r) andG,.(r). From Eq. (79b) we get

90 _ 25 ary ot (82a)
dr

dr,

Ahelr) _ - B(r)G(r) . (82b)
dr

A number of observations follow from Eq. (82). First,

G(r) — Gg, Fi(r) — Fgrlfz’c, r—0, k<0, (83a)

G(r) — G2r2K+1, F.(r) — F,?, r—0, x>0, (83b)

G(r), Fe(r) >0, r—o0. (83C)

and bothG.(r), F,.(r) go to zero exponentially in Eq. (83c). Second, it is impossibléfgr) andG,.(r)

to vanish simultaneously at the same point because, if they did, then all other higher-order derivatives
would vanish at that point and hence the functions themselves would vanish everywhere. Third, we see that
a node ofF.(r) corresponds to an extremum@f.(r), and a node of; . (r) corresponds to an extremum

of F.(r). F(r) will have an additional extremum at one pairt g which does not correspond to a node

of G(r). It follows that the nodes of . (r) andG(r) alternate; that is, between every pair of adjacent
nodes ofF,.(r) (or G, (r)) there is one node af . (r) (or F,.(r)). If we letr, be a node of.(r) andro be

a node ofG,.(r), then the nature of the extrema at these points is determined from the second derivatives

2
O = ACDBIGrr) where Fy(r) =0, (843)
r r=ri
2
: S = AGDBUDE) whereGy(r) =0 (84b)
r r=rp

As bound states, botfi, () andF,.(r) vanish at = oo and their extrema are concave towardsrtais.
Therefore, the extrema at the nodesor r» are minima (maxima) if the functionS,.(r) or F,.(r) are
negative (positive) respectively at these points. It follows from Eq. (84) that nodégiof and G . (r)
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can occur only where the produétr) B(r) > 0 is positive. Since for practical applicatioAsr) > 0, this
condition reduces to

B(r) >0 at nodes ofF,.(r) andG,(r) . (85)

The potentialVs(r) + Vy (r) appearing inB(r), Eq. (81b), is the average potential felt by the nucleon in
the non-relativistic limit, as stated above. Therefore, the condition of Eq. (85) is similar to the statementin
the non-relativistic case, that nodes of the radial wave function can occur only in the region of classically
allowed motion, i.e., where the kinetic energy is positive.

We now use the above results to obtain a relation between the radial nofige pand G,.(r). For
that purpose we consider the equationd@q(r) F,.(r) as derived from Eq. (80),

(G () Fo(r) = A(r) Fo(r)? — B(r) G,(r)? . (86)

For larger, (G (r)F(r)) ~ (E« + M)F(r)?> — (E. — M)G(r)?> > 0 is positive, since the binding
energy(M — E,) > 0 for bound states. At small (G,.(r) F(r))’ = —B(0)G(r)? < 0 for k < 0, while
(G(r)F(r)) = A(QO)F(r)?>>0forx >0, by employing Eq. (83). Sincg () F.(r) vanishes both at
r = 0 andoo we see that it is an increasing negative function at laygenile at small, G.(r) F.(r) is a
decreasing negative function fer< 0 and an increasing positive function for 0,

forr — o0, G,()F:.(r)<0, (87a)

forr — 0, G.(r)F.(r)<0 (k<0 , (87b)

forr — 0 G.(nNF:(r)>0 (>0), (87¢)
consistent with Eq. (83). Furthermore, sin€é') > 0 and by using Eq. (85) we find that

(G(r) Fe(r) |y=ry = —B(r1)G(r1)* <0 whereF(r)) =0, (88a)

(G(r) Fe(r) |r=r, = A(r2) F(r2)* >0 whereG(rp) =0 . (88b)

ThusG,(r)F,(r) is a decreasing function at the nodesrpfr), and an increasing function at the nodes

of G, (r). Exploiting all these derived properties, we observe thaifer0, G, (r) F.(r) is positive at

smallr and negative at large and hence has an odd number of zeroes. By Eq. (88) the first and last
zeroes ofG . (r) F.(r) correspond to nodes d@..(r), and since the nodes @f.(r) andG,(r) alternate,

then the number of nodes Bfexceed by one the number of nodesif(r). On the other hand, far< 0,
G.(r)F.(r) has the same (negative) sign near both end points, and hence has an even number of zeroes
By similar arguments we find that in this case the first and last zero8s @9 F,.(r) are nodes o6 . (r)
andF,(r), respectively, and that . (r) and F,.(r) have the same number of nodes. Altogether we have

k<0:ny=ng, (89a)
k>0:ny=ng+1, (89b)

wheren r andn, denote the number of internal nodesfptr) andg,(r), respectively; that is, the number
of times the amplitude goes to zero excludinng0 andoc. Forik > 0, the first and last nodes (considering
f(r) and g, (r) together) aref,(r) nodes. Forc <0, the nodes o, (r) precede those of,.(r) asr
increases. The same results can be obtained by considering the Ricatti equation for the&mptiq ()
and its asymptotic values, as showrjid,15]for vector potentials.
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3.2.3. Negative energy Dirac eigenstates

For negative energy eigenstates the roles@f and— B(r) become reversed®(r) is always negative,
while A(r) starts off as negative farsmall and then becomes positiverasecomes very large. This
results in

k<O:iig=iif+1, (90a)
k>0, =iif (90b)

wherern ; andng are the number of internal nodes 6f(r) andg,(r), respectively.

3.2.4. Spin symmetry limit
For spin symmetry, the rank of the spherical harmotiof the upper amplitudes for the two states in
the doublet is the same. The spin aligned state has negadivd the spin aligned states so that

k=—(+1D, j=t+3, (91a)
k=0, j=0—3%. (91b)

Likewise, the radial amplitudes of the upper componentsin Eq. (50) in the doublet have the same number of
radial nodes. Therefore, for the eigenstate for which the spin is aligned with the orbital angular momentum
(x < 0), we see from Eg. (89) that the spatial amplitudes of the upper and lower component have the same
number of radial nodes, while for the eigenstate for which the spin is unaligned with the orbital angular
momentum(x > 0), the spatial amplitude of the lower component has one radial node more than the
spatial amplitude of the upper component and, therefore, one radial node more than the spatial amplitude
of the lower component of its partner in the spin doublet. For example, the spatial amplitudes of the
upper components g/, p1/2 eigenstates and the spatial amplitude of the lower componepyd, of
eigenstates all have the radial quantum number, whereas the spatial amplitude of the lower component
of the p1/2 eigenstate has one more radial node than these amplitudes.

3.2.5. Pseudospin symmetry limit

On the other hand, for pseudospin symmetry, the rank of the spherical harmpnoicthe lower
amplitudes for the two states in the doublet is the same. The pseudospin aligned state hasc@ositive
the pseudospin unaligned state has negatise that

NI

k=—0, j=0-1%, (92a)

k=0+1 j={+3. (92b)

Likewise, the radial amplitudes of the lower components Eq. (69) in the doublet have the same number
of radial nodes. Therefore the radial amplitudes of the upper components have different radial nodes. In
fact, for the eigenstate for which the pseudospin is unaligned with the pseudo-orbital angular momentum
(x < 0), we see from Eqg. (89) that the spatial amplitudes of the upper and lower component have the
same number of radial nodes, while for the eigenstate for which the pseudospin is aligned with the
pseudo-orbital angular momentuim> 0), we see from Eq. (89) that the spatial amplitude of the upper
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component has one radial node less than the spatial amplitude of the lower component and, therefore, has
one radial node less than the spatial amplitude of the upper component of its partner in the pseudospin
doublet. For example, the spatial amplitudes of the lower componentsdy;the; ,» eigenstates and the

spatial amplitude of the upper componentgh eigenstates all have the same radial quantum number,
whereas the spatial amplitude of the upper component efghesigenstate has one less radial node than
these amplitudes. That is why states with different radial nodes, for example;thedd 0/3/, states,

are pseudospin partners. The relations between the radial nodes is summarized in Egs. (71).

Thus the identification of pseudospin as a relativistic symmetry of the Dirac Hamiltonian provides a
natural explanation for the structure of radial nodes occurring in pseudospin doublets of normal-parity
states. The key point in this explanation is that pseudospin symmetry implies that the radial amplitudes
of the lower components of the two states in the doublet are equal, and those in turn govern the radial
nodes of the corresponding upper components.

The states with radial quantum number zero ardO need special attention. These states have spin
aligned with the orbital angular momentum but pseudospin unaligned with the pseudo-orbital angular
momentum. The radial amplitude of the upper component of the spin partner of these states have the same
number of radial nodes as argued above. However, the radial amplitude of the upper component of the
pseudospin partner of these states must have one less radial quantum number but it clearly is not possible
to have a negative number of radial nodes. Therefore the pseudospin partner of these particular states
cannot be an eigenstate of the Dirac Hamiltonian. We shall discuss this issue in more detail in Section 7.2.
The “intruder” states, discussed in the next section, have zero radial quantum numbers and are spin
(pseudospin) aligned (anti-aligned) and fall into this category.

It is gratifying to note that characteristic features (e.g. radial and angular momentum quantum num-
bers) of the non-relativistic pseudospin partners, which seem at first ad hoc without an apparent reason,
receive a proper justification once the relativistic origin of pseudospin symmetry in nuclei is taken into
consideration.

3.3. Conditions for bound states

3.3.1. Conditions for bound positive energy states

From Eq. (83) we know tha® . (r) F,.(r) goes to zero for small and large. For a bound state to exist,
G, (r)F.(r) cannot be identically zero for atl Hence the derivativéG . (r) F.(r))’ must be negative
for some range of and positive for some other range ofFor positive energy eigenstatdsr) is
always positive andB(r) is negative for large and therefore, by Eq. (86), is positive for largeln
order that(G.(r) F,.(r)) becomes negative® (r) must become positive for somesinceA(r) is always
positive. If Vs(r) + Vy(r) =0, B(r) = E — M <0 for all r and therefore no bound positive energy
states will exist in the pseudospin symmetry limit. Hence, for nuclei to exist, pseudospin must be broken!
Also since there are no bound positive energy states in the symmetry limit, only continuum states, one
cannot do perturbation theory about the pseudospin symmetry limit. Therefore approximate pseudospin
symmetry is necessarily non-perturbati%@—19] This non-perturbative nature of pseudospin symmetry
makes it both very difficult to analyze but, at the same time, very interesting since it is so different from
normal symmetry breaking. This is another large difference between spin and pseudospin symmetry;
perturbation theory is possible for spin symmetry for positive energy eigenstates whereas it is not for
pseudospin symmetry.
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3.3.2. Conditions for bound negative energy states

For negative energy states, as stated abaye), and— B(r) change roles. Therefore, in the limit of
pseudospin symmetry there are bound negative energy states, but in the limit of spin symmetry there are
no bound negative energy states.

4. Pseudospin symmetry in nuclei

One need only look at the single-particle spectrum in the original book on the nuclear shell model by
Meyer and Jensen, which is reproducedrig. 1, to observe the pseudospin degenera@dek

First we note the large energy gaps between major shells labeldtidoywhereN is the number of
harmonic oscillator quanta ariid is the energy splitting between major shetis, ~ 41413, Second
we note the large energy splittings between the spin—orbit partners; p€,, dnd Ipz/- levels, s/
and Us); levels, Ifs,»> and 1f7,2 levels, k7,2 and Igg,2 levels, etc., using the notatien¢ ;.

This spin—orbit splitting increases with orbital angular momentum leading to the factthatslpushed
down so that it becomes a member of the lower major shell, thereby earning the name of “intruder”, while
1g7,2 remains in the original major shell. This pattern is repeated for levels with larger orbital angular
momentum and radial quantum number. On the other hand levels suéfyaarid 31>, 15,2 and 232,
1g7,2 and 2155, 2d3/, and 317, etc., are clumped together. From Egs. (70) and (71) we see that these
doublets are pseudospin doublets with pseudo-orbital angular mothenta2, 3, 1 and pseudo-radial
quantum numbers, = 2, 2, 2, 3, respectively, as discussed in the last subsection. The pseudo-orbital
angular momenta agree with the original pseudo-orbital angular momenta assignments based on the
original experimental observatiga,5].

Detailed scrutiny of empirical single-particle spectra confirms the small pseudospin splittings. For
example, inFig. 2we show the energy splitting

AEﬁ,,€= E

ofthe Us/» and Q7,2 doublets §, =1, {=3) (solid dots) and for thes2 > and 13/> doublets f, =2, £=1)
(solid squares) in units dio for the Sb isotopes as a function of the isosp{21]. In Fig. 3we show the
energy splittings for thes2 > and X3/, doublets &, = 2, ¢=1)inthe Tlisotopes. The energy splittings
are less than 13% of the shell model energy gap.

Pseudospin symmetry has been observed in deformed nuclei as well. Again the original Nilsson (har-
monic oscillator) levels in nuclei exhibit the feature that the states with asymptotic quantum numbers
[N,n3, A=A+ % and[N, n3, A+2]Q=41— % were quasi-degenerate independent of the deformation
[22,23] These quasi-degeneracies were also observed for deformed orbitals calculated from a realistic
Woods—Saxon deformed potent[@¥] and deformed orbitals calculated in the relativistic mean field
approximation of a relativistic field theof25]. An example of the latter is shown Fig. 4 where the
single neutron energies= E — M, of neutron pseudospin partners are plotted versus the deformation,
B, for 154Dy. In this figure the orbits are labeled by their pseudospin quantum nunibers,, ], and
the orientation of the pseudospin is denoted by the arrows.

In Fig. 5the empirical splitting (divided byiw) of the [4, 0, 213 and[4, 0, 415 (A = 3) orbits in the
thulium isotopes are plotted while Fig. 6the empirical splitting (divided byiw) of the orbits and the
[5, 1, 0]% and[5, 1, 2]%(}1 = 1) orbits in the osmium isotopes are plotted. The energy splittings of the
deformed doublets are less than 7% of the harmonic oscillator energy gap.

i, j=0-1/2 — Eﬁ,,é,j:ﬁﬂ/z (93)
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Fig. 1. A schematic single-nucleon spectr[&8]. The notation for the orbitals is.-¢;.

In Fig. 7 the spectrum of the ground state band and the neighboring bafd0s are plotted. The
states of the two bands are almost degenerate in energy. The two bands are buiIL’%‘,n:l,tﬂ}%1 and
[5,1, 2]% deformed orbitals respectively which are pseudospin doubletsAvittl andQ = A + %

The striking aspect of this discovery is that the quasi-degeneracies are almost independent of defor-
mation (seerig. 4 for example). This feature led to an explosion of papers linking pseudospin with
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Fig. 2. The energy splitting £, /o for the s, and Q7,2 doublets &, =1, £ =3) (solid dots) and for thesz,» and M3/,

doublets £, = 2, ¢ = 1) doublet (solid squares) in the Sb isotopes as a function of the isbspata from[21].
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Fig. 3. The energy splitting £ ; 7/ho for the Z1,2 and X3/, doublets &, = 2, ¢ = 1) doublet (solid dots) in the Tl isotopes
as a function of the isospih Data from[21].

superdeformed bands. The complete alignment of pseudospin along the axis of rotation was cited as
partially responsible for superdeformed bands in different nuclei having virtually identical moments of
inertia[27]. These bands appeared in odd, even—even, and odd—odd [28elé#,26,45] The triaxial
harmonic oscillator was also shown to have pseudospin symmetry aglédl¥]

In the original observations of pseudospin doublets in spherical nydl&i, it was noted
that the surface delta interacti¢#8—50] which was considered a good phenomenological effective
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Fig. 4. The calculated single neutron energies, £ — M, of neutron pseqdospin partners versus the deformatidar 154Dy
[25]. The orbits are labeled by their pseudospin quantum numbérg,.[, 4], and the orientation of the pseudospin is denoted
by the arrows.
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T. Data from[21].
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Fig. 7. The spectrum of the ground state band (pseugospin unaligned) and the neighboring band (pseudospin afié@sd) in
which are based on a deformed pseudospin doubletAvithl [26].

interaction in nuclei, conserved pseudospin and pseudo-orbital angular mom@&ifurGalculations

using a shell model truncation scheme based on conserved pseudospin and pseudo-orbital angular mo

mentum determined the many-nucleon energy spectrum and eigenstates foetl82 isotoneg52].
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Experiments inspired by this newly found symmetry demonstrated reasonable agreement with these
predictiong53].

By combining isospin symmetry with the pseudospin symmetry, a pseudo-SU(4) symmetry is created.
Pseudo-SU(4) symmetry investigations have been linjidd56] and we shall discuss the relativistic
generalization in Section 10.

A big leap was made by including all the normal parity orbitals in a major shell F&gpel) into
one representation of an SU(3) group, called pseudo-SJ4(38). A shell model truncation based on
pseudo-SU(3) has been used extensively with increasing sophistication and success in explaining the
spectroscopy of heavy nuclg4,57-64]

With this success attempts were made to forge a deeper understanding of pseudospin symmetry. Firsi
transformations between the shell model basis and the pseudo-shell model basis were explored and
originally the unitary transformatio®, = ¢ - ¥/r [23] was suggested. This transformation predicts
correctly that the orbital angular momenta in the doublet differ by two units, but also predicts that the two
states inthe doublet have the same radial wavefunctions which certainly is not the case. The transformation
U, = ¢ -a/a [65], wherea = p — i7, inspired by the harmonic oscillator, does change both the radial
quantum number and the orbital angular momentum but is not hermitean. The helicity transfoliation
was originally proposed on the basis that it is both unitary and translationally invi8]aantd was also
vindicated by the subsequent discovery that pseudospin symmetry is an approximate symmetry of the
Dirac Hamiltonian 6] because, from Eq. (52), the projection of the pseudospin generators onto the non-
relativistic upper components§s(1+ ) /2= UpsiU,, where(1+f)/2 is the Dirac operator that projects
onto the upper component. With this helicity transformation it was shown that, in the harmonic oscillator,
pseudospin is conserved if the spin—orbit single particle potential and angular momentum single-particle
potential are in the combination

Heo=2(-5§+050 -0 (94)

and that the shell model and the Nilsson model approximately satisfy this cond@pri-urthermore
this transformation from the spin basis to the pseudospin basis was shown to reduce the large spin—orbit
interaction in relativistic mean field calculations into a small pseudospin—orbit interg@fion

However, the status of pseudospin symmetry provoked the statement “It should be emphasized that at
the present time there is no deeper understanding of the origin of these (approximate) degeneracies. They
are just facts which, as we shall see, can be exploif@d]’ This status quo was broken when pseudospin
symmetry was shown to be a symmetry of the Dirac Hamiltofsdn

We shall now discuss relativistic nuclear theories and the extent to which they support approximate
pseudospin symmetry in nuclei.

5. Relativistic nuclear theories

There are two types of relativistic theories that have been used to describe relativistic dynamics in
nuclei. The first is the relativistic theory of nucleons interacting by exchanging mesons, which has a long
history [67—71] The other is a theory of relativistic nucleons interacting via point contact interactions
[72—75] We shall briefly review both types.
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5.1. Relativistic field theory

A simple version of this type of model contains nucleon fields,) and time independent neutral
scalar(¢(7)) and vectorV#(¥)) mesons. The lagrangian density for this model is given by

L = Y(x) [, (—hcid" + gy V() + (Mc? = gsp(F)I(x,)
+ 30,0 D) — m§5d(F)?) — Fx$(P)°
— 2P = LFL (PP F) + 3m3 V,(HVH(E) (95)

where F#¥(F) = o*V"(r) — 8"VA(¥). The coupling constantgs, gv, x, 4, and the scalar and vector
meson massesgs, my, are determined (in principle) from experimental observables.

Isovector meson fields can be included which will produce isovector scalar and vector potentials.

Other parts of the nucleon—nucleon interaction average essentially to zero in spin-saturated nuclear
matter and may be incorporated as refinements to the present model. The important point is that even in
more complete models, the dynamics generated by scalar and vector mesons will remain.

The field equations for this model follow from the Euler—Lagrange equations and can be written as

0,0" + m5) P + 310(F)* + §id(F)° = gsP(x)P(xy) (96a)
0, F M (F) +my Vu() = gvib (xu)7"¥(x,) (96b)
["(=ificd,, + gv V() + (Mc® — gsp(F)Y(F) =0 . (96¢)

Eqg. (96a) is a Klein—Gordon equation with a scalar source term and nonlinear scalar self-interactions.
Eqg. (96b) looks like massive QED with the conserved nucleon current

Bu(x,u) = &(xu)yﬂw(xu)v auB#(xu) =0, (97)

rather than the (conserved) electromagnetic current as the source. Finally, Eq. (96c) is the Dirac equation
with scalar and vector fields entering in a minimal fashion. The solutions (if they exist) of these nonlinear
equations quantum field equations are very complicated. An approximate but non-perturbative solution
is the Hartree approximation in which the average of the meson fields are replaced by classical fields,

—gsp(r) = —gs(p) = Vs(), gv(V'({F)) = gv(V'(F) = (Vv (), 0) . (98)
The average value df'(¥), i = 1, 2, 3, vanishes if parity conservation is assumed. Therefore the Dirac
equation in EqQ. (96c) becomes equivalent to the Dirac equation in Eq. (1).

5.2. Relativistic point coupling model

The model consists of four-, six-, and eight-fermion point couplings leading to scalar and vector
densities with both isoscalar and isovector components and derivatives of the densities to simulate the
finite ranges of the mesonic interactions, but no explicit meson fields. The Lagrangian density is given by

¥ =ZLreet Laf + Lhott+ Lder+ Lem , (99)
whereZenm is the electromagnetic term, and
Ltree = P(x,) [—Hiciy & + MPTp(x,) (100a)
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Lap = — o5 — 3ov Wy, 0) G )

— Sars(TY) - (WTY) — 3oy Wiy W) - (TY) (100b)
Lhot=—3Bs W2 = Tns@)* = 2y [0 G )12, (100c)
Lder=—335@,4) (@Y — 33y @7, ) @ Yy"y) (100d)

where thex, of the nucleon fields have been suppressed for convenience.

In these equationss v, ars,Tv, fs, 7s.v, 0s,v are the strengths of the nine different contact inter-
actions with subscriptS andV referring to isoscalar scalar and vector potentials and subsdigasd
TV referring to isovector scalar and vector potentials. The physical maketpisthat # 4 is a four-
fermion interaction, while?ot contains higher order six-fermion and eight-fermion interactions, and
Z4er contains derivatives in the nucleon densities.

Again the solution of this interacting many-nucleon system is not possible so a Dirac—Hartree approx-
imation is made which leads to a Dirac equation with the following potentials:

Vs(F) = asps(F) + Bsps(F)? + 75ps(F)> + dsAps(F) (101a)
Vv () = avpy () + yypy (D) + Sy Apy (F) (101b)
Vrs(r) =arsprs(F) , (101c)
Vrv () =arvpry (F) , (101d)

whereA = 9,9;, the Laplacian, ands, y () are the isoscalar—scalar potential and isoscalar—vector po-
tential, respectively, antiy s v () are the isovector—scalar potential and the isovector—vector potential,
andpg y () are the isoscalar—scalar and isoscalar—vector nuclear density, respectively,;gndr)

are the isovector—scalar nuclear density and the isovector—vector nuclear density, respectively. These
nuclear densities are determined self consistently from the upper and lower components of the Dirac
eigenfunctions ¢ (7), f;£(r)) wherea represents all the quantum numbers. For example, the vector

density becomes
occ
pv() =Y e M2+ g, P+ £ P + fo 7, (102)
while the scalar density becomes

occ
ps(F) = Led (M + g, () — £, ()2 — [ (D, (103)

a

where the sum is over all occupied states.
5.3. Features of the relativistic mean field
The features of the relativistic potentials derived from either the relativistic field theory or the relativistic

contact interaction model are very similar since they both determine the parameters of the models from
nuclear propertief67,74] In Fig. 8the isoscalar vector and scalar potentidgyr), Vy (r) (solid line),
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Fig. 8. The mean field potentials as a function or radiirs Fermi.The isoscalar scalar and vector nuclear potential are solid
lines, the isovector vector nuclear potential is the dotted line, and the Coulomb potential is the dagfié&dl line

are shown fort®0 and1®Pb. In both cases the scalar potential is attractive and large while the vector
potentials are repulsive and large, but they are similar shape and maghitidesr —Vy (r). This is
consistent with approximate pseudospin symmetry.

The isovector vector nuclear potential; () (dotted), and the Coulomb potential; (r) (dashed),
are also shown for each nucleus. These are both vector potentials so they do not satisfy the pseudospir
condition but are very small compared to the isoscalar potentials. We shall discuss the isospin dependence
of pseudospin symmetry in Section 11. Isospin dependence of pseudospin symmetry will become more
important as we increase our knowledge of nuclei far from stability from experiments at rare isotope
accelerators.

6. QCD sumrules

QCD sum rules have been used to show thatc —Vy in nuclear mattef77]. Since the derivation is
too complex to repeat here, we shall only attempt to justify the result.

The vector potential will be proportional to the nuclear matter density, Eq. (97), which in nuclear matter
is uniform, Vy = py. The value ofp, is taken to be the central matter density of nuclei which has been
measured in electron scattering from nuclei.
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In order to determine the scalar potential we need to know the nuclear scalar density which is the term
on the right-hand side of the equation in Eqg. (96a). There is no direct measurement of the nuclear scalar
density, but the scalar density of quarks in a nucleon can be measured experimentally. This scalar density
of quarks is given in terms of what is called the sigma term

on =2mq((N|qqIN) — (Olg4|0)) , (104)

whereq is quark field operatog = ¢y, my is the quark masgpN) is the nucleon state, an@) is
the vacuum state. This sigma term can be measured in pion—nucleon scd8tir@] and, after a
sophisticated analysis, is determined tasher45+ 8 MeV. Averaging over all the nucleons in nuclear
matter and ignoring nuclear interactions,

ONPN = 2mq(<q_Q>pN —{q4)vad - (105)

The scalar density of quarks in nuclear matter relative to the vacuum is then

<QQ>;)N ONPN ONPN
- =14 ——=1-—=, (106)
(94 )vac 2m (4 q)vac m%fnz
where the last term follows from the Gell-Mann—Oakes—Renner relgg@jn
2mg(Gq)vac=—m%f7 - (107)

Both the nucleon mass and the scalar potential are Lorentz scalars. The effective mass will be proportional
to the left-hand side of Eq. (106) with the first term on the right-hand side proportional to the mass of the
nucleon and the second proportional to the scalar potential.

The detailed QCD sum rule gives

Ao N py
Vg=—— N 108a
S M2mq ( )
3212p
Vy = MZN . (108b)

Since all the quantities on the right-hand side of Eq. (107) are positive, the scalar potential is attractive
and the vector potential is repulsive, just as one finds in relativistic mean field models. Furthermore the
ratio becomes

Vg 0N

—=——=-11, 109
Vy 8m, (109)

using accepted values of the average quark mass in the prfetbieV) and the value ofsy

(=45 MeV), which is uncannily close to the ratio of the potentials at the center of the nucleus as de-
termined in relativistic mean field models (Seig. 8), and indicative of pseudospin symmetry. Also the
negative sign originates in the vacuum expectation of the quark scalar density given in Eq. (107). These
features suggest that perhaps pseudospin has a more fundamental foundation in terms of QCD.
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7. Testing nuclear eigenstates for pseudospin symmetry

Although pseudospin symmetry has been observed in the energy spectra of nuclei, there has not beer
an attempt to test the eigenstates of nuclei for good pseudospin until recently when the relativistic origins
of the symmetry were revealed and the generators determined. There have been two types of test. One
is to examine the Dirac eigenstates determined in relativistic models discussed in Section 5 and see how
well they fit the relationships between amplitudes given in Egs. [8BR5,82—-87] We shall discuss
these comparisons in the next four sections 7.1-7.4. The other type of test is an empirical one in which
we ask what predictions in transition strengths follow from pseudospin symmetry. We shall discuss some
of the empirical relationships predicted by pseudospin and their comparison with nuclear data in the next
two sections, Sections 8 and 9.

7.1. Test of realistic eigenfunctions with spherical symmetry

The Dirac eigenfunctions used in the following tests are from relativistic mean field approximations
of the relativistic point coupling mod¢81] for neutrons ir?°8Pb but similar conclusions hold for the
protons as well.

7.1.1. Lower amplitudes
The most striking predictions of pseudospin symmetry and the most straightforward to check is that
the lower amplitudes of the states in the doublet are equal,

Ji 0 jmiv12T) = i, 7 jmi12) = T, (1) (110)

as seen in Eq. (69).

In Fig. %a and b, the upper and lower amplitudg®) and f(r) of the 151> (solid line) and @3>
Dirac eigenfunctions (dashed ling).(= 1, ¢ = 1) are plotted as a function of the radial coordingfi1].
The upper amplitudes of thel, and Q/3/»> Dirac eigenfunctions have different nodes and radial shape.
However the lower amplitudes are almost identical except on the nuclear surfatig. it and d the
upper and lower amplitudesr) and f (r) of the 1,2 and s/, Dirac eigenfunctionsi, =2, {=1)are
plotted as a function the radial coordinat he agreement between the lower amplitudes is even better
than forn, = 1.

Similar plots are made for the upper and lower amplitugle9 and f(r) of the 1pz/, (solid line)
and 0Ofs/2 Dirac eigenfunctions (dashed ling), (= 1, ¢ = 2), the 23> (solid line) and ¥s,2 Dirac
eigenfunctions (dashed line}(= 2, £ = 2) in Fig. 1Q for the upper and lower amplitudg$-) and f (r)
of the s, (solid line) and @7/, Dirac eigenfunctions (dashed lingj,(= 1, £ = 2) in Fig. 11, and for
the upper and lower amplitudgsr) and f(r) of the 1f7/> (solid line) and @9/, Dirac eigenfunctions
(dashed line)d, = 1, ¢ = 2) in Fig. 12

From Figs. 9and 10 we conclude that, for the same pseudo-orbital angular momentum, pseudospin
conservation improves as the binding energy decreases. Compagirsg with Fig. 11b and comparing
Fig. 10d with Fig12b we see that, for roughly the same binding energy, pseudospin conservation improves
as the pseudo-orbital angular momentum decreases. These features can be derived from a simple squat
well potential[6].



198 J.N. Ginocchio / Physics Reports 414 (2005) 165-261

0.4 . . 0.01
03} . 1 AN
S 02} g
E o1} E 001}
S 5 S .
(@) ~ praes
Y
\ -0.02
o1l \\-\—/ . -
-0.2 . . -0.03 - -
0 5 10 15 0 5 10 15
(@) r (fm) (b) r (fm)
0.5 . . 0.02
0.4 E 0.01 f
~ 03Ff ] N 0 \&
) )
£ 0.2 e -0.01
~ 01} 1% =X 002}
= 4 =
> 0 //\¥ T 003}
1,
0.1F \\ J -0.04 |
-
-0.2 . : -0.05 ; :
0 5 10 15 0 5 10 15
(© r (fm) (d) r (fm)

Fig. 9. (a) The upper amplitudgr) for the 1s1,, (solid line) and @3/, (dashed line) eigenfunctions, (b) the lower amplitude
f(r) for the s3> (solid line) and @3/, (dashed line) eigenfunctions, (c) the upper amplitade for the %7, (solid line)
and I3/, (dashed line) eigenfunctions, and (d) the lower amplityide) for the %/, (solid line) and %3/, (dashed line)

eigenfunctions as a function the radial coordinate in Ferfni). All amplitudes are in( fm) /2 [81].

We also note that the upper amplitudes for the pseudospin unaligred) eigenstatesy 2, p3/2, ds/2,
f7/2) have the same number of radial nodes as the lower amplitudes, while the upper amplitudes for
pseudospin alignetk < 0) eigenstatesdg,, fs/2, g7/2, ho/2) have one radial node less than the lower
amplitudes. This is in agreement with Eqg. (89).

7.1.2. Upper amplitudes

Recently the differential relations in Egs. (66) satisfied by the upper components of the Dirac eigen-
functions in the pseudospin symmetry limit have been tested for the pseudospin doublets in spherical
nuclei using realistic eigenfunctions determined in relativistic mean field calculd841%36]

In Fig. 13a the upper components for the; b and @/3/> eigenfunctions are plotted (=1, =1);
these eigenfunctions are very different in shape with different numbers of radial nodieg. Irfb the
differential relations for these eigenfunctions are plotted and we see a remarkable similarity between
the two differential relations except near the nuclear surfacesign 1 the upper components for
the 1,2 and M3/, eigenfunctions are plottedh, = 2, ¢ = 1); likewise these eigenfunctions are very
different in shape. Irrig. 13 the differential relations for these eigenfunctions are plotted and we see
even better agreement between the two differential relations tham,. fer 1. In Figs. 14-16similar
tests are made for higher radial quantum numbers and larger pseudo-orbital angular mof8gntum
The pseudospin violation decreases for increasing radial quantum number but decreasing pseudo-orbita
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amplitudes are it fm)~3/2 [81].
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eigenfunctions.
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on the left-hand side (LHS) of Eq. (66) with= 1 for the 0fs/2 (dashed line) eigenfunction, (c) the upper amplitgde for the
2p3,2 (solid line) and ¥s,» (dashed line) eigenfunctions, and (d) the differential equation on the RHS of Eq. (66) with

for the 2p3/, eigenfunction (solid line) and the differential equation on the LHS of Eq. (66) Quith? for the 1f5/2 (dashed
line) eigenfunctions.

angular momentum, the same pattern followed by the binding energies and the lower amplitudes of the
eigenfunctiong81] as seen in the last subsection.

7.1.3. Non-relativistic mean field eigenfunctions

In the limit of small lower components, the upper components are the non-relativistic approximation to
the eigenfunctions. The differential relations in Eq. (66) have been tested as well for the non-relativistic
eigenfunctions of the harmonic oscillator (HO) and self-consistent Hartree—Fock mean fiel[B6HF)
In Fig. 17these non-relativistic eigenfunctions are shown also to satisfy approximately the differential
relations in Eq. (66) which is consistent with the fact that these models reproduce the single-nucleon
spectrum well. InFig. 17a the differential equation on the RHS of Eq. (66) withs eigenfunction
(dashed line) is compared to the differential equation on the LHS of Eq. (66) forf#he (solid line)
eigenfunctions{ = 2 ), while in Fig. 17 the differential equation on the RHS of Eq. (66) witdhs b
eigenfunction (dashed line) is compared to the differential equation on the LHS of Eq. (66) fgrthe O
(solid line) eigenfunctions/(= 3). Even for the harmonic oscillator the agreement is good. Of course the
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pseudospin doublets are degenerate in energy for the harmonic oscillator. For the realistic non-relativistic
Hartree—Fock eigenfunctions with proper pseudospin doublet energy splitting the agreementis even better.

Hence this relativistic symmetry leaves its “smile” in the non-relativistic realistic eigenfunctions.

7.2. Pseudospin singlets and intruders

Eigenstates with1 = 0 for axially symmetric deformed potentials and eigenstates with0 for

spherically symmetry potentials are pseudospin singlets and have no pseudospin partners. The non-

relativistic quantum numbers for these states/atens, 4 = 1]% and (py,2, respectively.

However, in realistic nuclear spectra there are additional states which have no bound partners; namely

the states with asymptotic quantum numié¥snsz, A =N — n3]A + % and spherical quantum numbers
0¢;—¢41/2. For larget these states are the “intruders” mentioned in Section 4. Prior to the discovery of
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on the right-hand side (RHS) of Eq. (66) for thés]> eigenfunction (dashed line) and the differential equation on the left-hand

side (LHS) of Eq. (66) for the &2 eigenfunctior? = 3. HF is the non-relativistic Hartree—Fock and HO is the non-relativistic
harmonic oscillator.

the relativistic origins of pseudospin symmetry these intruders were interpreted as singlets. However,
now that we know the generators of the pseudospin symrfitélywe can determine their pseudospin
partners by operating on the eigenstates with the generators.

In the pseudospin limit the two states in the douljlet ¢ + 1/2 are degenerate, and are connected by
the pseudospin generatcfi; given in Eq. (52):

n L jim (I’) Z Ajf"mf"ji’”li Tﬁ,,[,jf,mf ' (111)
Jfmy
Here
- - . . 15
A et 3R+ D@+ 10\ [
Jpmyg,jimg = 2 —mygqm; jrl :_2L ’

where the symbols are Wigner 3-j and 6-j symbols, respectivelyl EaD, Ajrmyji.m; =0For jg # ji,
which is consistent with the fact that that state is a pseudospin singlet.

In the exact pseudospin limi¥s(¥) = —Vy (¥), there are no bound Dirac valence states. For nuclei to
exist the pseudospin symmetry must therefore be broken. As we have seen in Section 5, realistic mean
fields involve an attractive scalar potential and a repulsive vector potential of nearly equal magnitudes,
Vs(r) ~ —Vy (7). Since pseudospin symmetry is broken, the pseudospin partner produced by the raising
and lowering operators on an eigenstate will not necessarily be an eigenstate. The question is how different
is the pseudospin partner from the eigenstate with the same quantum numbers?

For broken pseudospin Eq. (111) becomes

s 5 >N . . 5 - . . pSp -
Sq 'Pﬁ,-,ﬁ,ji,m,- (}") = Aji,mf,],-,mi Tﬁr,e,ji,mf (i’) + A]f,mf,],-,mi lPﬁr,E,j_f,m_f (I’) . (112)
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Fig. 18. (a) The upper amplitudgr) of the 12 (72 =0, £=1) eigenfunction (solid line), the upper amplitude of its pseudospin
partnergPSP(r) (dashed line) both i fm)~3/2, andr3gPSP(r) (dotted line), scaled to be comparablegt¥(r), as a function
of the radial coordinate in Fermi (fm). (b) The upper amplitude(r) of the Of7,2 (7, = 0, £ = 4) eigenfunction (solid line),

the upper amplitude of its pseudospin partgli®(r) (dashed line) both i fm)~3/2, andr8gPSP(r) (dotted line), scaled to be
comparable tgPSP(r), as a function of the radial coordinatén Fermi fm).

Here the superscript psp on the second term denotes the pseudospin partrygr it). Even with
pseudospin breaking, the pseudospin generators do not cliatgaddition, from Eq. (112) we see
that the first term withj ; = j; is exactly equal to the original eigenstate, independent of the amount of
pseudospin breakin@4].

On the other hand, the upper amplitude for the pseudospin partney mithy; + 1 is[84]

(+ (113)

NI =

psp o 20+ 1) i I
gﬁr E’jf(r)_gﬁr’[’ji(r)_ r€+2 d g’ji(x)v .]l _E_ é, .]f

psp

The amplltudeg (r) andgn P (r) satisfy the differential conditions in Eg. (66) and therefore we

have tested this relatlonshlp for the bound state doubletSerhO in the previous subsections.
Dirac bound states fall off exponentialty exp(—+/ M2 — E?2 r), for larger [15]. However, from

Eq. (113) we see that the amplitude of the pseudospin pagtgf%ry (r), falls off as a power law—(¢+2
& Jf

for larger and not exponentially. As such it has an asymptotic behavior which is very different from that
of a Dirac bound state. This behavior of the pseudospin partner gfthé — 1/2 Dirac eigenstates is
evident inFig. 18 In Fig. 18a the upper amplitudg(r) of the Gy1/2 (7, = 0, £ = 1) eigenfunction (solid

line) and the upper amplitude of its pseudospin parghgi(r) (dashed line) are both plotted as a function

or r. To make clear that the partner amplitugReP(r) falls off asr—2 we plotr3gPSP(r) (dotted line),
scaled to be comparable $8°(r), as well. InFig. 18 The upper amplitude(r) of the &1/2 (i, =0,

¢ = 4) eigenfunction (solid line) and the upper amplitude of its pseudospin paftffér) (dashed line)

are both plotted as a function orTo make clear that the partner amplitugRéP(r) falls off asr—® we

plot r8¢gPSP(r) (dotted line), scaled to be comparableR5°(r), as well.
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7.3. Spin and pseudospin symmetry breaking

In Fig. 19we plot the radial eigenfunctions of the non-relativistic Hartree—Fock (HF) approximation
and the upper components of the relativistic mean field (RMF) approximation for thef (ah@ (b)
2d spin—orbit partners. The self-consistent non-relativistic and relativistic mean fields show very little
difference between eigenstates of the spin douljgs Thus, even though the spin—orbit splittings
are large, the eigenfunctions retain spin symmetry and thus spin symmetry is an approximate dynamic
symmetry.

In the non-relativistic framework, one can explain this apparent puzzle using the Nilsson model
(the modified harmonic oscillator moddB2]. For the non-relativistic harmonic oscillator potential,
the spin—orbit partners and the pseudospin—orbit partners are degenerate in energy. The spin—orbit eigen
functions have the same radial eigenfunction whereas the pseudospin eigenfunctions do not exactly satisfy
the pseudospin conditions as seefig. 17. Hence in this limit the pseudospin is approximately broken
in the eigenfunctions even though the energies are degenerate. If a spin—orbit potential such as that given
in Eq. (94) is added, the spin—orbit partners are split in energy but the pseudospin partners remain degen-
erate. Furthermore, since this spin—orbit potential does not affect the eigenfunctions, the eigenfunctions
of the spin—orbit partners will have exact spin symmetry with the radial wave functions being identical
even though the partners are not degenerate in energy whereas the pseudospin partners will be degenera
in energy but the eigenfunctions will approximately violate pseudospin symmetry.

For non-relativistic and relativistic realistic potentials the spin—orbit potential is no longer constant.
Therefore, the spin eigenfunctions no longer have identical spatial amplitudes and the dynamic spin
symmetry is broken. Nevertheless, realistic potentials retain salient features of the Nilsson model to make
spin symmetry an approximate dynamic symmetry. As seéiign8the scalar and vector potentials are
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relatively constant except at the nuclear surface. So most of the breaking takes place at the nuclear surface
At the nuclear surface,|8y (r) — Vs(r)|/dr>d|Vs(r) + Vv (r)|/dr and thus pseudospin symmetry is
favored. Hence the reason for approximate dynamic spin symmetry seems to be the shape of the potential:
involved whereas the reason for pseudospin symmetry is the fact that the scalar and vector potentials are
approximately equal and opposite in sign.

7.4. Test of realistic eigenfunctions for deformed nuclei with axial symmetry

The single-particle energies and eigenfunctions for axially deformed nutiéEisare calculated by
the relativistic Hartree theory in a Woods—Saxon b§&889] This method has been developed from
nuclear field theory in coordinate spd08—92]and has the advantage that it easily generalizes to include
both deformation and pairing correlations self-consistently in the BCS approximation. These calculations
lead to a theoretical average binding enebBgyd =8.107 MeV, a quadrupole deformati@ra=0.3497 and
aroot mean square radis=5.376 fm, which reproduce the data well. For these realistic eigenfunctions
the harmonic oscillator quantum numbers are not conserved, but the orbitals are labeled by the quantum
numbers of the main spherical basis state in the expansion of the dominant upper component in the Dirac
eigenfunctions.

In Fig. 2Q the calculated single-neutron energies; E — M, for the pseudospin doublets 1%Er
are presented. From left to right, the panels correspond to the pseudo orbital angular momentum pro-
jection A= 1, 2, 3 and 4, respectively. The energy splitting between members of pseudospin doublets
decreases as the single-particle binding energy,decreases. For pseudospin doublets with binding
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difference of the two testing relatlon (53b) Color Iegends left legend is for upper graphs; nght legend for Iower graphs.

energy larger than 5 MeV, the spin-up (pseudospin down) state is higher than the spin-down (pseudospin
up) one. On the other hand, for the bound doublets with binding energy less than 5 MeV, the opposite is
observed.

Four pairs of neutron pseudospin partners are analyzed in def@fl]ilHere we present the results of
the[510]% and[512]% orbitals (1 = 1), which have a tiny energy splitting (less than 0.01 MeV), in both
three dimensional contour plots and two dimensional plots.

Three dimensional contour plots for t[ﬁalO]% and [512]% pairs of neutron pseudospin partners are
shown inFigs. 21-23s a function of botlp andzin a color codeFig. 21tests the relationships between
lower component amplitudes given in Eq. (53a) (top row) and Eq. (53b) (bottom row). On the far right
at the bottom row the difference between the two dominant lower amplitudes is plotted to help assess
how well these amplitudes agree. In the top rovrigf. 22the upper amplitudes which correspond to the
non-relativistic quantum numbers are plotted and we see how different these amplitudes are for the two
states in the doublet. The bottom row tests the relationship between upper component amplitudes given
in Eq. (53c). On the far right on the bottom row the sum of the two small upper components is plotted
to help assess how well these amplitudes are equal and opposite ifrigjg@3tests the differential



208 J.N. Ginocchio / Physics Reports 414 (2005) 165-261

0.1000 H 0.01200

0 06500 ~ 0.005250

0.03000 -0.001500

-0.005000 -0.008250

-0.04000 -0.01500

\\ﬁ“\\

[51011/2 g 5121312 ' | [B1o12-g - (5121329’ |

Fig. 22. Elgenfunctlons ifFermi—3/2 as a function ofz and p in Fermi for the neutron pseudospin doublet [510]1/2 and
[512]3/2 (A = 1) in 188Er. Top row: g~ 1._1/2@nd—g_-, , (the dominant components), bottom roy”; _, » andg~ 12
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relationships given in Egs. (58). On the far right the difference of the two sides of the equations in
Egs. (58) are plotted to help assess how well these equations are satisfied. The first row tests Eq. (58a)
and the second and third rows test Eq. (58b).

For another perspective on these eigenfunctions we look at sections of the amplitudes. The same
pseudospin partners are shownFigs. 24—-26 as a function of for three segmentsi = 1, 3, 5fm,
and inFigs. 27-2%s a function of for three segmentg; = 1, 3, 5fm. In each segment the top row
displays the relationship between lower component amplitudes given in Eq. (53a) in the first column,
the relationship between lower component amplitudes given in Eq. (53b) in the second column, and
the relationship between upper component amplitudes given in Eq. (53c). The bottom row displays the
differential relationship between upper component amplitudes given in Eq. (58a) in the first column and
the differential relationships between upper component amplitudes given in Eq. (58b) in the second and
third column.

From these figures, we can draw a number of conclusions. First, while the ampﬁﬁﬁleﬁ/z(p, 2),

iy 1/2(/), z) are not zero as predicted by Eq. (53a), they are much smalleffhanl/z(p, 2), f 12X
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Fig. 23. Eigenfunctions ifFermi—3/2 as a function ofz and p in Fermi for the neutron pseudospin doublet [510]1/2 and
[512]3/2 (/1 = 1) in 168Er. Test of the differential relations in Eq. (58). Graphs a, b, ¢ are respectively the left-hand side (LHS)
and right-hand side (RHS) of Eq. (58a) and the difference between them. Graphs d, e and f are respectively the LHS and the
RHS (with “+" sign) of Eq. (58b) and their difference. Graphs g, h and i are the LHS and RHS (witkign) of Eq. (58b) and

their difference.

(p, 2). Furthermorefﬁ’;l’l/z(p, 2) andf;;i_l/z(p, z) have similar shapes as predicted by Eq. (53b). The

amplitude—gﬁ_;1 71/2(/), z)has the same shape as the amplitgg?gl/z(p, z), in line with the prediction

of Eq. (53c), but they differ in magnitude. These amplitudes are much smaller than the other upper

amplitudeSg;E;1 ;1/2(’)’ 7) as suggested by Eq. (60) which is an indication of spin symmetry as discussed
in Section 7.3.

The differential relation in Eq. (58a) between the dominant upper compor@msl,/z(p, z) and

g;—;l _1/2(p, z), is well obeyed in all cases. The differential relations in Eq. (58b) relate the dominant
upper component%;E~ (p, z) to the small upper componengs

A,51/2 2 il/2(;0, 7). The shapes of the
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(A= 1) in 168Er. The contents of the graphs are the samigs24

left-hand side and of the right-hand side of Eq. (58b) are the same, but the corresponding amplitudes are
quite different. Therefore, the differential relations in Eq. (58b) are less satisfied. These differences might
partly originate from the differences in the magnitudes of the small upper components in Eq. (53c).

As in spherical nuclei, the pseudospin violation increases as the pseudo-orbital angular momentum
increases and as the binding energy increg®ép In both spherical and deformed nuclei the lower
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Fig. 26. Eigenfunctions inFermi)—3/2 as a function o andp = 5 fm for the neutron pseudospin doublet [510]1/2 and [512]3/2
(A= 1) in 168Er. The contents of the graphs are the samigs24
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Fig. 27. Eigenfunctions inFermi—3/2 as a function of andz = 1 fm for the neutron pseudospin doublet [510]1/2 and [512]3/2
(4 =1) in 168Er. The content of the graphs in each segment &gn24

components are small compared to the upper components (Coffigaréa—d,10a—d,11a and b,12a

and b, andFig. 21with the top row ofFig. 22) which is consistent with the fact that nuclei are primarily non-
relativistic quantum systems. However relativistic quantum mechanics is necessary for the understanding
of pseudospin symmetry.

7.5. Summary

We have reviewed the conditions that pseudospin symmetry places on the Dirac eigenfunctions. We
have shown that the conditions on the lower amplitudes, Eqgs. (53a)—(53b), are approximately satisfied
for axially deformed nuclei and spherical nuclei. The differential relation between the dominant upper
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Fig. 28. Eigenfunctions ifFermi—3/2 as a function op andz = 3 fm for the neutron pseudospin doublet [510]1/2 and [512]3/2
(4 =1) in 168Er. The content of the graphs in each segment &gn24
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Fig. 29. Eigenfunctions ifFermi—3/2 as a function op andz =5 fm for the neutron pseudospin doublet [510]1/2 and [512]3/2
(41 =1) in 168Er. The content of the graphs in each segment &gn24

component amplitudes for axially deformed nuclei, Eg. (58a), and for spherical nuclei, Eq. (66), are also
approximately satisfied. However, for axially deformed nuclei, both the relation between the amplitudes of
the small upper components, Eg. (53c), and the differential equations, Eq. (58b), that relate the dominant
upper components with the small upper components are not well satisfied. The pseudospin symmetry
improves as the binding energy and pseudo-orbital angular momentum projection decrease, for both
axially deformed nuclei and spherical nuclei.
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8. Magnetic dipole and Gamow-Teller transitions

Horton, an elephant in a Dr. Seuss story, is frolicking in the jungle one day picking flowers and, because
of his big ears, is able to hear a cry for help from a microscopic Who living in Whoville, which is perched
on a small flowerfig. 30. Horton vows to help the tiny Whos declaring “A person is a person no matter
how small.”[93]. Likewise an amplitude is an amplitude no matter how small.

Since the lower component of the Dirac wavefunction is sfigali1,25,82] the effect of pseudospin
symmetry on the relativistic wavefunction is difficult to tested empirically except perhaps in certain
forbidden transitions, which, like Horton'’s ears, amplify the effects of the small amplitudes. For example,
single-nucleon magnetic dipole and Gamow-—Teller transitions between pseudospin doublets are forbidden
non-relativistically (i.e., £ forbidden”[94-96) because the orbital angular momenta of the two states
differ by two units. However, they are not forbidden relativistically. We shall use pseudospin symmetry in
the wavefunction to derive relations between single-nucleon relativistic magnetic moments and magnetic
dipole transitions within a pseudospin doublet on the one hand, and between single-nucleon relativistic
Gamow-Teller transitions within a pseudospin doublet on the other hand. These relationships provide a
test for the influence of pseudospin symmetry on the single-nucleon wavefunctions.

8.1. Magnetic moments and M1 transitions

The relativistic magnetic dipole operator for a particle with charggegiven by[97,98],

A~

e N -
W = —Egp(“ X T)i + ta pZi (114)

Fig. 30. Horton finds a flower on which the microscopic village of Whoville is loc{@8{
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wherez is the usual Dirac matrix; is the three space vectepr== for a proton and for a neutrong,, is the
orbital gyromagnetic ratig, = 1, gy = 0, andu, , is the anomalous magnetic moment, , = 1.793u,

tia,y = —1.913u0, Whereyy = efi/2Mc is the nuclear magneton. The magnetic moment is given in terms
of the matrix element of this operator with= j,

Hjp = <q/ﬁr,£~,j,m:j,p|'u|lpﬁr,g,j,m:j,p> ! (115)

and the square root of the magnetic transition probability between two states in the doublet is given in
terms of the reduced matrix element of this operator,

- - ., - = . f 1 .
\/B(Mlzn,,é,] = np, L, j), = (2.]./—4_1)(?/,’1;"[,]'/’/)”#”'P;lr’g’j’p>' (116)

8.2. Non-relativistic limit

The non-relativistic limit is valid whewy (7) + Vs(7)/2M¢? is small, although in the interior of the
nucleus this ratio isz .48. As shown ir{99], the magnetic moments in the non-relativistic limit become,

=G+ gm0+ a, j=L-3, (117)
NR ] . 1 . ~ 1
= = - ; =0+ = . 118
o =G D ((] + 2) 8plo uA,p> j=t+3 (118)
These non-relativistic limits for the magnetic moments in Eqgs. (117)—(118) are equivalent to the Schmidt
valueg[100].
For theM 1 transition
BM1:ii, 0, j — iip &, )NR=0 j #j. (119)

In the derivatior[99], this transition is proportional to + " — 1 which is zero for the two states in the
doublet sinced’ = ¢ + 1 andx = —¢ (see Eq. (92)) for the states in the doublet. Thus the non-relativistic
limit of the B(M 1) is zero which is consistent with the fact that the transition is fécim¢ + 2.

8.3. Pseudospin symmetry

Instead of looking at the non-relativistic limit, we examine the pseudospin limit which assumes that
the spatial wave functions of the lower components of the doublet are equal (up to an over all sign). Using
the Dirac eigenfunction in Eq. (69), we obtain for the magnetic mon{88is

_;_1

puum— _51

Ut T s (21+1>/ 2 (120a)
S R W TR '

~
Il
o~
+
NIl
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. 1
_egp(J+§) &0 N 3 HA p . . * o 2
(120b)

The B(M1) is a transition rate between two different states and so it is the square of a matrix element.
Because of the overall phase ambiguity of the eigenfunctions, the sign of the matrix element between the
two states is indeterminable. Hence we shall present the relationships in term$oMiie and not the
transition matrix element. Also, in orderto save spacewe shall use the compressed notation for the quantum
numbersy = 7i,, ¢, j with ¢’ =7i,, ¢, j/, andj = € + Jj =0+ 2 We suppress the radial argument

8i,.0.J. p(r) 8, 0.j.p fnr,Z,p(r) fi i p .Then theB(Ml) between the two states in the doublet is
given by

NI

=041 j=i-

I\JIH

2j+1
2j+3
2j+7

€8y [ 3
= . | = ~ 5 ~ 5 ~ 7 d
16(j + 1) |: 2 /0 (85,.2.50.0 F 8.0 i 007 OF

00 2
iy, /0 fﬁzr’g’przdr] . (121)

B(Ml:q/—>q)p: B(Ml:q—)q/)p

Thelasttermin Egs. (122)—(1211}),"0 fﬁz i ,,rz dr,isthe same because of pseudospin symmﬁﬁtrrx,’j’pz
ffl,,f,p'

For neutrong, =0, and hence we have one unknown quanf@f},fﬁz i pr2 dr. Therefore, if we know
one magnetic quantity, we can predict two otHe8, -

, j+1 2
BM1:q' — q), = ZJ.—H[Mj,v — pan It (122)
2j+1 j+2< j+1 )]2
BML1:q — q), = B J I 123
( q —q) j+1[2j+3 Wi+ Sk, (123)

For protons there are three unknown integrals, and so we can only derive one relationship between the
three magnetic quantitig¢99],

BM1:q — q),

- 1 ( +2)2j +Ditjr — 2 + 3G + Dty + 4G +D2ua, |
A+ DRj+ D (2j+3)

(124)

This follows because the first term under the integral sign in Eq. (121) is equal to the sum of the first
term under the integral sign in Egs. (120a) and (120b). This equality is due to pseudospin symmetry,

Jirijp = Tarip
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If the magnetic moments are given by the Schmidt values as in Egs. (117) and (118), then the magnetic
transitions in Eqgs. (122), (123), and (124) will be identically zero, which is consistent with the non-
relativistic limit.

The relativistic mean field overestimates the isoscalar magnetic moments of [@&}ldHowever,
when the response of the spectator nucleons is included, the relativistic isoscalar magnetic moments
agree better with experimefit01]. The response of the spectator nucleons do not significantly affect
isovector magnetic moments since the dominant mesons in the relativistic field theory are isoscalar. If we
define the isoscalar and vector operators as

1 . 1 . 1 .
tis=5Wiy+uis wiv=5W, =1z ptas=35MHay T laz);
1 .
tav =5Way — 1A z);

1 2
BUML:q' — q)s = 5[ VBOIL:q"— ), + VBML:q' > q);

/ l / / 2
MMlq—»@V:EP%Mﬂ;q%q%—¢MMlq—+@J, (125)
then the relations are separated into relations among the isoscalar and isovector magnetic properties:

BM1:q — q)s)v

: : . : , ( )72
Bo+2x&+4mﬂwv—@]+$u+4wuwv+4u+1ﬁﬁ§gj

= , . ) (126)
G+D@2j+1D
8.4. Gamow-Teller transitions
The Gamow-Teller operator is given by
8A
GT =21y, 127
N (127)

whereg 4 is the axial vector coupling constant(1.2670 (35)) and.. are the isospin raising and lowering
operator. Thus this operator is a pure isovector operator. Using the Dirac wavefunction in Eq. (69) but
not assuming pseudospin symmetry yet, the transitions become

j=t-3,

, D o[ @itD [ 201
B(GT:q,p—>q.p) = TIRL 1—(].T1)/0 Jar g i A0 | (128)
j=l+3,

g > 2 ?
B(GT:q,p—q,p)= J(J—+]_)[J —(2j+ 1)/0 Ji i .o i 05" dr] ' (129)

NIl =

j=tl+3 j=I-

NIl =
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/ . @2j+) _ /
B(GT: ¢, ,p) = B(GT: g, ,
( q.p—4q,p) 2/ +3) ( q4.p—>q,p)
(2J+1) 2
2|: fn ijnﬁjpzdr] ’ (130)

Whel‘e,bznifpzvandﬁzvifp:n.
We notice that

B(GT:q,p—>q,p)=B(GT:q,p—q,p), (131)

even if isospin symmetry is broken; thatﬁ; i I, However, in general, fof’ # g,

€jv
B(GT:q,p—q,p) #B(GT:q'.p— q,p) . (132)

8.5. Non-relativistic limit of the Gamow-Teller transitions

Since terms quadratic frare ignored in the non-relativistic limit, we get the usual results,
(J + D 5

_ 1
B(GT:q,p—>q,p) = g4 j=t=5, (133)
B(GT 5= i+ (134)

: — = =,

qyp q7p ( +1)gAa .] 2
B(GT:q'.p—>q.p)=0; j #j. (135)

8.6. Pseudospin symmetry

Using pseudospin symmetry, Eq. (69), there is only one unknown for the Gamow-Teller transitions
and hence each transition is related to the ofd@},

47+%, j=0—5
2
/ . Jj+1
BGT:q',p—q,p) = VB(GT:q,p— q,p) — gal (136)
2 +1 Jj
(+2)(2j + 1) 1 T
_ i+ 2)(2j + _ Jj+
BGT:qp—q. 5= T pGT ¢/, p— q'.5) + , 137
(GT:q.p—q.p) 2/ 137 [ (GT:q.p—>q",p) j+ng} (137)
B(GT:q,p— q,p)
2
(2j+1)]2j+2 ) o 2 j+1
= B(GT:q¢',p—q',p) — — - ; 138
(i) | T - g T A
B(GT:q'.p—q.p)=B(GT:q'.p— q.p) . (139)

This last relation, Eq. (139), also follows from isospin symmetry as well, but if pseudospin symmetry is
conserved than the relation holds even though isospin may be violated i.e,, # f; ; .
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Table 1
Predicted ¢ forbidden” magnetic dipole transition ?Ca

BM1:g,v— g, v)

Predicted Eq. (123) 0.0166
Predicted Eq. (143) 0.0121
EXP Ref.[102] 0.0121 (14)

8.7. An example®*K, 3°Ca

The nuclei$3K,, and33Ca, ¢ are mirror nuclei. The ground state and first excited statiglos, are
interpreted as ad3,»> and I/, proton hole, respectively, while the ground state and first excited state of
35Cay 4 are interpreted as aig), and k1, neutron hole, respectively. These states are members of the

i, =1,¢=1 pseudospin doublet. Thé1 transitions between these two states in both of these nuclei have
been measured, although they are forbidden in a non-relativistic single-nucleon model, and are indeed
small[102,103] The magnetic moments of the ground states are known. However, the magnetic moments
of the excited states are not known and hence only the magnetic transiti®dan be tested because
it is a neutron hole. Using the magnetic momenta, x = 1.0216812), [21], Eq. (123) leads to a
transition rate only about 37% larger than the measured transition as séapiénl However, the two
states in the doublet are not pure single-particle states. In the next subsection we discuss a modification
of these relations which takes into account the fact that these states are not pure single particle states. The
modified relations give a transition rate that agrees with the measured value to within experimental error
as seenifable 1

In addition, the Gamow—Teller transitions from the ground staf@®& to the ground and first excited
state off%K are known, which is enough information to test Eq. (137). For this example, for which,
1,j=1/2tandg'=1,1, j = 3/2", Eq. (137) becomes

5 2
B(GT:g,v—g,n)= 1—6<\/BGT:g/,v—> g/,n+v0.6gA) . (140)

In order to evaluate this Gamow-Teller transition we need to know the sign of the square root of the
experimental Gamow-Teller transition ra#éGT : g/, v — g/, n). The square root of this transition rate
and the magnetic moment of the ground staté°@fa both are proportional to the spin operator as seen
from Eqgs. (115) and (127). The matrix element of the isospin operator is positive. As seen above the
magnetic moment is positive, but the anomalous magnetic moment for the neutron is negative. Therefore
the matrix element of the spin operator is negative and hence we take the sign to be negative.

Using the measured transition queB(GT 1 g',v— g/, n) =—0.647(10) in Eq. (140), we see from
Table 2that the predicted Gamow-Teller transition is about 61 times the experimental value. However,
since we are dealing with a single-nucleon model, we can expect renormalization of the axial coupling
constang 4 due to omitted shell model configurations just as in the non-relativistic shell rfidiet106]
Using two examples of the non-relativistic renormalization of the axial coupling constahaftawed
transitions the predicted transition is reduced to 4.9-1.7 greater than the measured value as shown in
Table 2 Because the Gamow-Teller transition in Eq. (137) is quadragig,ifitting the experimental value
of the magnetic dipole transition produces two values of the effective axial coupling cofigtatiich
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Table 2
Predicted # forbidden” Gamow-Teller strengtA?Ca— 39, for various values of the effective axial coupling constant

gA B(GT:g',v—>g,m
g4 (free) 0.0349 (1)

0.76 (3)g4 Ref.[104] 0.0028 (9)

0.72 (2)g4 Ref.[107] 0.0010 (3)

0.70g4 (fit) 0.00058 (2)

0.62g4 (fit) 0.00058 (2)

EXP Ref.[103] 0.00058 (2)

Table 3

Predicted ¢ allowed” Gamow-Teller strengtﬁ?Ca—> 39, for two values of the effective axial coupling constant

gA B(GT:g,v—g,n)
g4 (free) 3.31(1)
0.70g4 2.22 (1)

we show inTable 2 We see that the renormalization f necessary to reproduce the experimental “
forbidden” Gamow-Teller transition is consistent with the renormalization needed in the non-relativistic
shell model to reproducéallowed Gamow-Teller transitions.

Since the transition operator is proportional to the spin (Eqg. (127)), in the non-relativistic shell model
the transition vanishes (Eq. (135)). An effective tensor tegai Y201 is added to the Gamow-Teller
operator to produce a transition. Using a calculated effective coupling cogsfawhich includes core
polarization, isobar excitations, meson exchange currents, and relativistic corrections, a value of the
“¢ forbidden” transitionB(GT : g’, v — g, n) yg = 0.00139) is calculated. This value agrees with the
experimental value within the limits of experimental and theoretical uncertainty. However, the isoscalar
and isovector magnetic dipole transitions calculated between the same states and using the same mode
underestimates the experimental transitions by a factor of an order of magii®adler his inconsistency
has been a puzzle for the non-relativistic shellmodel. On the other hand, as we just have seen, the relativistic
single-nucleon model gives a consistent description of both of these transitions.

We can now predict ther” allowed 1/2T — 1/2* transition using Eq. (138). The results are tabulated
in Table 3 this transition is the largest within the doublet. Furthermore, the final transition, which is also
“¢ forbidden”, can be determined from Eqgs. (130) and (139):

B(GT:g,v— g/, n1)=2B(GT:g',v— g, ) = 0.001185) . (141)

This relationship does not depend on the effecgiydut also follows from isospin symmetry as well.
8.8. Global test of the M1 pseudospin relations

Instead of studying a particular nucleus we now do a global survey of the magnetic dipole pseudospin
relationg108]. Most nuclei are not close to being pure single particle states. The single particle strength is
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distributed over many states by the residual interaction and only in odd-mass nuclei near closed shells can
one expect to find states which carry large fractions of the total strength. Therefore, we restrict ourselves
to nucleiwith one or three particles (holes) with respect to a closed shell. The calculaBigif &f values
from magnetic moments given in Egs. (122)—(124) is modified to include the fractional single particle
strength by correcting with spectroscopic factors from single-nucleon stripping (pick-up) reactions.

This leads to the following relations:

BMlq' —>q), j+1(n, z
S5, “a2irils M) o (142)
q°q’ J + Sq
B(Ml;q/—>q)v_2j+1(j+2)2<uj/ j+1 )2 (143)
S, Sy i+1\2j+3) \s, Ti¥2")
for neutron-odd nuclei and
2
[(j + 202+ DL — 2/ + 3G + DL+ 4G + D% }
BMLq —q), Sp S; Am (144)
S¢Sy 42j +3%( +D2j + 1) ’

for proton-odd nuclei wher8§, . are the spectroscopic factors.

The experimental informatiof109] on I-forbiddenM 1 transitions fulfilling the selection criteria de-
scribed above are summarizedTable 4for neutron-odd and ifable 5for proton-odd cases. The
spectroscopic factor; ;- are taken from one-nucleon transfer reactions populating the respective states.
For transitions between neutron-odd states one has in principle two independent predictions from Egs.
(142) and (143). However, there is only one c24E¢) where experimental information on the magnetic
moments of both pseudospin partners is available. Because of the need to know the magnetic moments
of both levels, the data are much more limited for proton-odd transitions. The second-last columns of
the Tables 4and5 present the predictions of Egs. (142)—(144). Note that geneBallyl) | values are
given for the experiments. Thus, if the state with=¢ + % is lower , the prediction in Eq. (123) have to

be corrected by a statistical fact@r+ 1)// where appropriate.
8.9. Discussion

A comparison of the experimentaforbidden strengths with the pseudospin predictions is displayed
in Fig. 31for neutron and proton transitions. Nuclei with 1 and 3 particles (holes) with respect to the
shell closure are distinguished as circles and triangles, respectively. In neutron-odd Rigcl&ild4)
the theoreticalB(M 1)y, strengths on the average agree reasonable well with experim@mal)
strengths although a few cases scatter considerably. The predictive power is better for closed-shell
nuclei (with two marked exceptions, see below), while the pseudospin results for closetétZheltlei
tend to be somewhat too large. For proton-odd transitibigs 81b) a clear separation in two groups is
observed. For three out of seven experimental results the pseudospin predictions are acceptable while the
other four are about an order of magnitude above the data.

Since the pseudospin predictions are calculated from data it is necessary to evaluate the effect of the
experimental uncertainties. The largest contribution clearly comes from the spectroscopic factors. It is
difficult to quantify, but comparison &values deduced from different reactions [e(d, ,p) vs.(t, d) etc.]
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Table 4
Experimental information on the magnetic properties of pseudospin partners and pseudospin symmetry predictions for neutron-
odd nuclei

Nucl. I Conf. E* S I Conf. E* S I B(M1)eyp — B(My
(MeV) (un) (MeV) (tw) %) (%)

SiArg 1 21, 1409 044 #3, 0000 088 +115(1) 0.0139(28} 0.0048
PCayg 1 21, 2469  0.93 #3, 0000 099 +102(0) 0.0121(14) 0.0121
Scr,y 2 2pgp 0.000 056 —0480) 1fs, 1.006 0.25 0.0930 (69)  0.0992
SNig 2 2pgp 0000 098 -080(0) Ifs 0.769 0.98 0.0259 (20)  0.430
SFey; 2 2pgyp 0014 0.42 ¥s» 0137 059 +0.94(1) 0.0021(1)  0.0066
SoNig; 2 2pgp 0.000  0.82 ¥s2 0339 068 +043(19 0.0149(14) 0.1600
9Zr; 3 2sp 0000 075 —13000) 1g72 2201 0.44 0.0090 (35)  0.0059
SMo., 3 25, 0000 059 -0910) 1g7, 0762 0.8 0.0199 (36)  0.0083
SRus; 3 2sp 0000 057 —0791) 1g7, 0421  0.61 0.0149 () 0.0581
$39%e; 1 312 0255  0.90 23, 0.000 0.85 0.96(4) 0.0061 (20)  0.0002
INdg, 1 312 0193 0.95 23, 0.000 1.00 1.01(1) 0.0038 (4) 0.0180
$Ndgs 4 2f72 0000 052 —066(0) 1lhg, 0748 0.22 0.0048 (26) 0.0269
20%Pb s 2 3pgp 0.898  0.95 452 0570 080 +0.80(3) 0.053(7) 0.0829
20%hb,, 5 29, 0000 0.83 -1470) liyyp, 0779  0.86 0.0100 (?) 0.0073

Given are the pseudo-orbital angular momentuthe single particle states, their excitation energiésspectroscopic factors
S and magnetic momenis and theB(M1)eyp | transition strength between them. All experimental results are fi@19]

except where noted. The last column presents the pseudospin symmetry predictionBfav/tbg, | strengths.
aE2 contribution estimated from shell modL0].

bFrom shell mode[111].
CPureM1 transition assumed.

and typical errors of the measured cross sections suggest a rat@@%f. Agreement can be achieved

for all neutron transitions within the estimated uncertainty for the spectroscopic factors indicated, with
two exceptions. For the proton transitions most of the transitions fall outside the experimental error of
the spectroscopic factof$08].

As pointed out above, Egs. (142) and (143) can provide independent results for the same transition.
For the data selected here, there is only one cd6e) where experimental data on magnetic moments of
both states are available. Besides the result giv8alie 4 a valuex = —0.15x,, has been measured for
the E*=0.014 MeV,J™=3/2 statg109]. The prediction of Eq. (142) would kig(M 1) =O.0924;112V in
poor agreement with experiment. The spectroscopic information for this level suggests a more complex
structure beyond the single particle picture. This is also reflected in shell-model calcujafi@nkl 3]
which provide a successful description of thl transitions strengths fFe. While these calculations
can account for the magnetic moments g21 g.s. and the lowest/2~ state used iMable 4 they
completely fail for the 32~ state.
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Table 5
Same aJable 4 but for proton-odd nuclei
Nucl. [ Conf. E* S 1 Conf. E* S u B(M1)eyp  B(MDy
(MeV) ) (MeV) () ) (9]
81Gay, 2 2p3p 0000 036 +185(0) 1fsp 0359 079 1.40(65)  0.0169(13) 0.011
f2lgh, 3 3dgp 0.000 092 +336(0) 27, 0058 078 +252(1) 0.0180(8)  0.740
2h,, 3 3dgp 0000 068 +281(0) 27, 0058 078 +254(1) 0.0219(15) 0.230
29, 3 3dgp 0028 059 +280(0) 27, 0000 066 +262(3) 0.0180(13) 0.370
Bh,e 3 3, 0150 053 +279(50) 272 0.000 0.64 +274(1)  0.010 (1) 0.314
203715, 1 351, 0000 070 +162(0) 2d3p 0279 046 —0.02(17) 0.0021(1) 0.0071
25T, 1 351, 0000 070 +164(0) 243, 0.204 042 -008(5 0.00078(4) 0.0019

3Estimated from systematics in Sb isotopes.
bEstimated from systematics in | isotopes.
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Fig. 31. Experimentdi-forbiddenM 1 transition strengths in (a) neutron-odd nuclei and (b) proton-odd nuclei vs. pseudospin
symmetry predictions, Egs. (142), (143). Circles correspond to 1 particle (hole), triangles to 3 particles (holes) with respect to
closed shells.

8.10. Summary

The relativistic SU(2) pseudospin symmetry has been tested through experimental magnetic properties
of the pseudospin doublets of single particle states in near-closed shell nuclei. After correction for the
fragmentation of the single particle strength in the wave functions, predictions connectiffgribielden
M 1 transitions between pseudospin partners with their magnetic moments agree reasonable with the date
throughout the nuclear landscape. Considering the simplicity of the approach neglecting any explicit
account for the well-established quenching of magnetic moments with respect to the Schmidt values,
this success seems remarkable. However, pronounced deviations occuNatth8 andZ = 50 shell
closures the origin of which is at present not clear.

Inthe non-relativistic shell model, particular interest has focusddanbidden GT ana/ 1 transitions
in doubly magic plus one patrticle (hole) nuclei as a test of tensor corrections to the respective one-body
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operators. Microscopic predictiofis14—116]account for the former, but fail for the latter. For the two
cases where data are sufficient for a description in pseudospin symmetry we find perfect agreement for one
(3%Ca) and disagreement for the othefi\i). However, the mass-57 system needs further investigation
because of the unexpected softness of*fiNi closed core. Clearly, a measurement of the magnetic
moments of the &5 excited levels ik and3°Ca and the %52 levels in®’Ni and>’Cu would be of
considerable interest to test the predictive power of the approach.

9. Quadrupole transitions in the pseudospin limit

Transitions that are not*forbidden” are dominated by the upper components. The upper components
of the pseudospin generators in Eq. (52) are the spin generators transformed by the unitary Gperator
Likewise theith single particle electromagnetic multipole operators of rar®@©n =t y© (0;, ¢,) are
similarly transformed

09GN =U, 00U, . (145)

For A nucleons,

A A A A
D OWGEY =Y OWE + Y [P, OWED- pi+ Y [P, O Pl x pi - ai -
i=1 i=1 i=1 i=1

(146)

The first two terms on the right-hand side do not depend on the spin. If we assume that the pseudospin
zero state is lowest for even—even nuclei, then the contribution of the third term is zero. If we assume that
the pseudospié state is lowest for odd nuclei, then the contribution of the third term is small. Ignoring

the spin term then the multipole transitions between pseudospin doublets are related and the quadrupole

moments are related to the multipole transitions within a doublet. For example, for quadrupole transitions,

¢=2, using the notatiofe E2L/ = Ls. 1)

el 1T for the ratio of transitions rates a@¥{ L, J) for the quadrupole

moment,
B(E2:L,L-1—>L-1L0-3 3
( 2 . g)w~ _ , (147a)
B(E2:L,L-3—L-1L-3 (L+DERL-3
B(E2:L,L+Y—>1-110-3 4
(2L 2 f)z . = , (147b)
BE2:L,L+i—L-1L-%) (L-3)2L+3
B(E2:L,L-Y—>[-210-3 1
(£2:L. L z ~ g)w~~ , (147¢)
BE2:L,L+i—L-2L-3 L(L-2
BE2:£,£—1—>Z—2,I:—§ 4
( 2 . §)~ _ _ , (147d)
B(E2:L,L-1—L-2L-% @L+DQL-3)
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Table 6
The ratio of quadrupole transition strengt%%, for pseudospin symmetry (ps) and experimental values (exp)
LJ' =Ly J}y

for 1890s with errors in parenthesis

L Ly J Iy J Jh ps Exp[26]
7 3 7 5

3 2 ! 3 Z 5 0.148 0.183 (0.073)
5 3 7 3

3 1 5 3 Z 3 0.333 0.281 (0.118)
5 5 5 3

3 2 5 5 3 3 0.250 0.438 (0.280)
3 3 3 1

2 1 3 3 3 1 1.000 0.355 (0.110)

Table 7

B(E2L,J—~Lys,Jf)

The ratio of quadrupole transition strengths,—— L
B(E2.L,J'—>Ly,J})

, for pseudospin symmetry (ps) and experimental values (exp)

for 1870s with errors in parenthesis

L Ly J Jr J’ J } ps Exp[26]
2 3 3 3 E 0.250 0.293 (0.077)
1 3 3 3 5 0.286 0.410 (0.094)
B(E2:L,L—3— L L+3) _ 15(1 + 1) (147¢)
O(L, L+ 3)? L2QL + 1%L -1)
Q(L.L-3 (L-1QL+3 (1470

O, L+ LQ2L + 1)
We test these relations by comparing them with experimental transition raté®@s and'®°0Os in
Tables 6and7, respectively. Except for the transition in the last entryatle 6the agreement is good.

These relations in Egs. (147) are approximately valid to ordar If the U, pseudospin transformation
is used instead of the correct helicity transformation, the relations in Egs. (147) becomg &Xact

10. Pseudo-SU(4) symmetry

Pseudo-SU(4) symmetry is the symmetry generated by the pseudospin gengréfars(52)), the
isospin generator®;, and the generatonéT, i, j =1, 2, 3. Shell model studies in the nickel region
studied the pseudo SU(4) composition of the eigenstates and found mixed [®e$Likdore recent shell
model studies in the same region found more reasonable conservation of this pseudo-SU(4) symmetry
[55,56] However, both of these studies usediheseudospin transformation instead of the correct helic-
ity pseudospin transformatidn,. As seen in the last section, Section 9,thepseudospin transformation
is valid only for large atomic mass. More research on pseudo-SU(4) symmetry is needed.
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Fig. 32. The energy splitting (Eq. (93)) divided by 2 1 for various tin isotopes as a function of the average single nucleon
energy (Eq. (148)). From leftto right the pseudospin doublet§largy, 2s1/2), (1f5/2, 2p3/2), (1g7/2, 2d5/2), (2d3/2, 351/2)-

11. Isospin dependence of pseudospin symmetry

Rare isotope accelerators (RIA) will be exploring nuclei beyond the valley of stability and therefore it
is of interest to explore the isospin dependence of pseudospin symmetry. The energy splittings (Eq. (93))
of the neutron pseudospin doublelg’z 2, 2s1/2), (1f5/2, 2p3/2), (1g7/2, 2ds/2), and(2d3,2, 3s1/2) are
plotted for the average single nucleon energy of the doublets

LEg jjapt C+DE;;gi1p
20+1

for various isotopes of SrF(g. 32 and Zr Fig. 33, from the proton drip line to the neutron drip line

[118]. These energies were calculated in the relativistic mean field approximation of the nuclear field

theory discussed in Section 5 which includes the exchange of the isovectorygetdiand the exchange

of the photon, which produces the Coulomb interaction, as well as the usual isasealdr fields.

Since the energy splittings are proportional o2 1 [6], they are divided by 2+ 1 in the figures in

order to remove most of the dependence@oﬂl‘he pseudospin doublets considered @&/, 2s1/2),

(1fs/2, 2p3/2), (1g7/2, 2d5/2), (2d3/2, 351/2).

First we note that the energy splittings decrease as the binding energy decreases consistent to what we
have observed previously. However, we note as well that the energy splittings decrease as the neutron
number increases except for the least bound states, which have the smallest splittings, for which there is
very little variation in the splitting.

= M (148)
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Fig. 33. The energy splitting (Eq. (93)) divided b§-21 for various zirconium isotopes as a function of the average single nucleon
energy (Eq. (148)). From left to right the pseudospin doublet&lakgy, 251/2). (1f5/2, 2p3/2), (187/2, 2d5/2), (2d3;2, 351/2)-

An independent calculation of the Sn isotopes with a Dirac Hamiltonian and realistic Woods—Saxon
potentials including scalar, vector, isovector vector and Coulomb potefitis121]studies the effect
of the isovector vectas field. InFig. 34the neutron energy splitting (Eqg. (93)) is shown with and without
the isovector vectop field included. Without the vector potential the energy splitting increases. On the
other hand, the proton energy splittings (Eq. (93)) showRiin 35increase with the inclusion of the
isovector vectop field. Inclusion of the Coulomb potentials also increases the proton energy splittings
shown as seen iRig. 35 Experiments at RIA facilities will determine empirically the importance of the
p mesons or other isovector mesons in pseudospin symmetry.

12. Nucleon scattering from nuclei

For nuclear bound states the scalar and vector relativistic potentials are real. However, pseudospin
symmetry exists for complex mean fields as well as long as they satisfy the cordjtion= —Vy (v).
Therefore, if the potentials are complex as in nucleon—nucleus scattering and they satisfy this condition,
pseudospin symmetry will be valid. Indeed relativistic optical model analyses of proton scattering on
nuclei is very well described by treating the nucleon as a Dirac particle moving in an complex scalar,
Vs (7), and vectoryy (7), optical potential withVs(¥) ~ —Vy (¥) [122,123] In a paper entitled “Sudden
Death of a Symmetry[124], the authors used the fact that the Dirac Hamiltonian has a symmetry for
Vs(r) = —Vy (¥) to predict the analyzing power and spin rotation function for proton scattering. Since
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the experimental data does not agree with this prediction, they correctly concluded that the symmetry is
broken for nucleon—nucleus scattering. Furthermore, they demonstrated that the pseudospin symmetry
breaking depends on the nucleon energy and may decrease as the nucleon energy is increased.

Firstwe discuss the conventional formalism of scattering in terms of spin. We then discuss the formalism
of scattering in terms of pseudospin. Finally we discuss pseudospin symmetry as a broken symmetry and
extract from the experimental data an empirical estimate of the amount of pseudosymmetry breaking in
medium energy nucleon—nucleus scattering.

12.1. Nucleon—nucleus scattering amplitude in the spin representation

The scattering amplitudé, for the elastic scattering of a nucleon with momentkion a spin zero
target is given by125]

f=Ak,0) + Bk, 03 -7, (149)
wheren is the unit vector perpendicular to the scattering planetaisdhe scattering angle,
ki - kp =k? cog0) , (150)

#ik; is the incident momentum, a.lhéf is the final momentum. The spinindependent scattering amplitude,
A, and the spin dependent amplituée can be expanded in terms of partial waves,

A= % > SE g 12— DE+D) + (SE)g,e—1/2 — DEIP(COL0)) |
4

1

B = % Xz: [S(K)e 4172 — S(k)zz,zfl/z)]Pg(l) (cog0)) , (151)

whereS(k), ; is the partial wave scattering amplitude with orbital angular momerdtand total momen-

tumj, j=¢+1/2,andP,(cog0)) andPe(l)(cos(G)) are the Legendre and associated Legendre polynomial
of rank¢, respectively.

The differential cross section is given by the total absolute square of the scattering amplitude average
over the spin,

d
é(k, 0)=|A]2+|BJ2. (152)

By measuring the asymmetry in the cross section with respect to the spin, the polarization can be deter-
mined,

BA* + B¥A

(153)
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and by measuring the asymmetry in the cross section with respect to the spin in a second scattering the
spin rotation function can be determined,

i(BA* — B*A)

k,0) =
el 0 |A|2 +|B|?

(154)
Clearly, if the scattering function does not depend on sfin,-1/2 = S¢,¢—1/2, thenB =0, and both the
polarizationP, and the spin rotation functio®, will both vanish. The deviation from spin conservation is
determined by the ratio of the square of the spin breaking amplBudéhe square of the spin conserving
amplitudeA and can be determined from the polarization and the spin rotation fun¢tia6g 27]

, |B? 4[(P/2)%+(0/2)?]

|RS‘| - 2_ .
Al 242/1- P2 Q2 p2_ Q2

(155)

12.2. Nucleon—nucleus scattering amplitude in the pseudospin representation

From the relation of the pseudo-orbital angular momentum to the orbital angular momentum given in
Eg. (70) we define the scattering amplitudes for pseudo-orbital angular momentum as

S(Z,j:é—l/z = SE—l,j:E—l/z’ SZ,j=Z+1/2 = SZ+1,j=Z+1/2 : (156)

If we substitute these relations into (151) and use relationships between the Legendre polynomials,
we find that the pseudo scattering amplitudes,

A

e Y 1Griaz = DA+ D + Gy — DIPCOLO) |
{

~ -1 - ~
=2 DStk = i i 121Py” (cog0) . (157)

are related by a unitary transformation,

A _(cos(@) isin(())) (A) (158)
B~ \isin(0) cos0) ) \ B/ °

The polarization and the spin rotation function then become
p_ BA*+ B4
A2+ B2
0= sin(20)[|A|2 — |B|?] + i cos(20)[BA* — B*A]

E ~ . (159)
|A|% + | B|?
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Fig. 36. The spin breakinﬁs2 and pseudospin breakiﬂ(ﬁsversus the scattering angle for 800 MeV proton scatterin%?élﬁb.
The lines are a guide to the eye.

In the pseudospin symmetry |im§'§’g+l/2 = 3575_1/2 and henceB will vanish in this limit. Therefore,
P =0, just as in the spin limit, bup = sin(20) [124].

Of course, just as for the nuclear bound states, pseudospin is broken. The amount of breaking is
determined by the ratio of the square of the spin breaking amplfudehe square of the spin conserving
amplitudeA and can be determined from the polarization and the spin rotation fun¢1id@gl27]

_ B> _tarf(0) — Qtan(0) + | Rs|*(1 — Q tan(0))

Rod? = 21 = _
Rosl™ =122 = 14 0tan(0) + | R, 2(arP(0) + 0 tan(0))

(160)

12.3. Experimental tests

We shall now extract the amount of spin and pseudospin breaking from the experimental polarization and
spin rotation function measured for 800 MeV proton scattering fi$ib[128]. Ford=0, B=0 because
it depends onDe(l) (cog0)) and therefore both the spin and pseudospin violation starts out as zero. In
Fig. 36 we see that, up to the angles measured (about a momentum transffnof ), the pseudospin
symmetry violation increases and reaches a maximum of about 12% whereas the spin breaking reaches ¢
maximum of about 35% about three times pseudospin breaking. Hence, pseudospin symmetry has validity
for medium energy nucleon scattering.

However as the energy decreases the pseudospin violation ingiE24d29]as seen iffrig. 37proton
scattering fron?®Ni and2%8Pb at 295 and 200 MeV, respectively. Also the Coulomb potential increases
the pseudospin violation in proton nucleus scattefit9] which is consistent with studies on bound
states discussed in the last section, Sectiofi21].
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Fig. 37. The pseudospin breakim versus the scattering angle fiNi (top) and°8Pb (bottom). The lines are a guide to
the eye.

The fact that pseudospin violation decreases as the binding energy decreases for bound nuclei, wherea
the pseudospin violation decreases as the scattering energy increases seems puzzling at first sight
However, this outcome makes sense in a simple square well. The energy difference (Eq. (93)) between
pseudospin doublets in a simple square well is approximgéély

204 1)(Vs + V
AE, ;~ (2 + 1) (Vs + v_) , (161)
" 2MRA((Vs+ Vv) +&; )

wheree is the average single nucleon energy (Eg. (148)), and the strength of the potentiéls Bye
for r <R and zero for > R. For bound states; ; is negative and’s + Vy is negative. Therefore the
denominator((Vs + Vy) + ) increases in magnitude as ; goes to zero and thus the splitting
decreases. However, for scattering sta£§§,€~ is positive. Thus, aéﬁrj increases, the denominator
increases and thus the splitting decreases.
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13. Anti-nucleon spectrum

The anti-nucleon is the anti-particle of the nucleon. Therefore, the potential of the anti-nucleon in
the nuclear environment is the charge conjugate of the nucleon. Under charge conjugation the scalar
potential remains invariants(¥) = CTVs(F)C = Vs (7), but the vector potential changes sidfy,(7) =
CTVvy (F)C = —Vy (¥). Therefore for an anti-nucleon in a nuclear environmeat’) ~ Vy (¥), and
we have approximate spin symmefty30]. In fact the negative energy solutions to the nucleon mean
field do show a strong spin symmeiiy81]. However, there are self-consistent effects which mitigate this
conclusior132]. Also the annihilation potential needs to be taken into account to give areliable prediction
of the anti-nucleon spectrum. But, since the annihilation potential exists only for the anti-nucleon mean
field potential and not the nucleon mean field potential, the annihilation potential must be equally scalar
and vector so that it will vanish under charge conjugation. This means that approximate spin symmetry
will remain intact. Indeed, the limited polarized antinucleon scattering data available shows a vanishing
small polarization which implies approximate spin symm¢i§a].

14. Spin symmetry in hadrons
14.1. Introduction

Spin—orbit splittings in meson and baryon systems, which might be expected to originate from one-
gluon-exchange (OGE) effects between quarks, are absent from the observed spectrum for mesons com
posed of one light quark (antiquark) and one heavy antiquark (q{E3#]. We first elucidate the exper-
imental evidence for small spin—orbit splittings.

14.2. Experimental and lattice QCD spectrum

In the limit where some of the (anti)quarks are infinitely heavy, the angular momentum of the light
degrees of freedomn, is separately conservéti35]. The states can be labelled hywherel is the orbital
angular momentum of the light degrees of freedom. In non-relativistic models of conventional mesons
and baryons the splitting betweén; > and/;_/, levels, e.g. thep3,» andpy /2 or ds;» andds)» levels,
canonlyarise from spin—orbit interactio$34]. The!/; level corresponds to two degenerate broad states
with different total angular momenta= j + sg, wheres is the spin of the heavy (anti)quarks35].

For example in the case &F-mesons, which have a charm quark and a light quark, p1,> and pz/»

andsg = % For p1/2 the two states are callgd and D; and for p3/» statesD; the two states are called

D3 [135]. The degenerate states separate as one moves slightly away from the heavy quark limit, and
their spin-averaged mass remains approximately equal to the mass before separation.

For theD-mesons, the Belle collaborati¢i36] observes two broad states with maskhs = 2308+
17+ 15+ 28 MeV andMp,, = 2427+ 264+ 20+ 15MeV and two narrow states with masség; =
24616 + 2.1+ 0.5+ 3.3MeV andMp, = 24214 + 1.5+ 0.4 + 0.8 MeV giving a remarkably small
p3/2 — p1/2 spin—orbit splitting of 49t 50 MeV.

For theK-mesons, which have a strange quark and a light quarlpithdevel is at 14095 MeV, with
p3/2 nearby at 1373 3 MeV, corresponding to @3> — p1/2 splitting of —38 + 6 MeV. The splitting
between the higher-lyinds > andds,, levels is—4 & 14 or 41+ 13 MeV, depending on how the states
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are paired into doublets. These results indicate a near spin—orbit degeneracy if the strange quark can be

treated as heavy, although it has certainly not been established that such a treatment is valid.
ForB-mesons, which have a bottom quark and a light quark, L3 has performed an analysis, using input

from theoretical models and heavy quark effective theory, to determine thagthe- p1/» splitting is

97+ 11 MeV [137]. Note that this isiota model-independent experimental result. In the same analysis

the mass difference between tB¢ and B, an approximate indicator of thes,> — p1/2 splitting, is

110+ 11 MeV. The latter agrees with lattice QCD estimates of_‘ﬁg& 32MeV[138]and 183t 34 MeV

[139]. However, according to another estim§td0], the splitting is less than 100 MeV, and consistent

with zero. Most recently, 3% 18 MeV was calculatefl41]. One lattice QCD study found evidence for a
change of sign in the spitting somewhere between the charm and bottom quark masses, albeit with large
error barg142]. A splitting of 40 MeV serves as an example of relativized quark model predigtid3%

In order to measure quantitatively the spin—orbit splitting, we take the ratio of the spin—orbit energy
splitting between they;,>, and p3/» states to the difference of the avergag, and ps/2> energies with
the ground state, = (p3/2 — p1/2)/((4p3j2 + 2p1/2)/6 — s1/2), where all entries refer to masses. The
experimental data on, K andB mesons give respectivety=0.10+0.05,—0.06+0.00 and 023+ 0.04.

For the Dirac equation with arbitrary vector and scalar Coulomb potentials, the only potential for which
the relevant analytic solutions are know0).7<r <0.6. It is hence evident that the spin—orbit splittings
extracted from experimental results are indeed small.

Dynamical QCD calculations on the lattice for which one quark is light and the other is taken
to be infinitely heavy give small spin—orbit splittings which decrease as the orbital angular momentum
increase$l44].

There is also evidence in light quark mesons and baryonic systems that the spin—orbit interaction is
small[134]. In non-relativistic models, meson and “two-body” baryon spin—orbit interactions are related
and, for a specific class of baryons, the spin—orbit interaction is small for exactly the same reasons that
it is small in mesons, which is conjectured to be an “accidental” cancellation between OGE and Thomas
precession effec{d.34].

We speculate that the small spin—orbit splittings are due to a relativistic symmetry. The dynamics
of a light quark (antiquark) in the field of a heavy aniquark (quark) can be approximated by the Dirac
Hamiltonian. So, therefore, the system will have a spin symmetry if the scalar and vector potentials are
equal in magnitude.

14.3. Experimental test of relativistic spin symmetry

As discussed in Section 7.3, in the spin symmetry limit, the radial amplitudes of the upper com-
ponents of the Dirac wavefunction of the two states in the spin doublet will be identical, behaving
“non-relativistically”, whereas the lower components will have different radial wavefunctions.

Likewise the momentum space wavefunctions for the upper components will be identical in the spin
symmetry limit, again because the spin operator does not affect the wavefunction. Howevet/,since
depends only on the angular part of the moment,ﬁm,%, it does not affect the radial momentum space
wavefunction.

The potential between quarks at small distancesis due to one gluon exchange and hence is Coulomb-like.
In order to see the effect of the small spin symmetry breaking on the amplitudes we use the analytical
Coulomb Dirac eigenfunctions derived in Section 15.4. We tiké) = ags/r + Us and Vy (r) =
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(b) ((fm)

Fig. 38. (a) The square of the Dirac radial wavefunction of the upper componentrt?m&s The square of the Dirac radial
wavefunction of the lower component time%s p3/2 is the solid line angby 7 is the dashed line. Note that the lower component

is comparable to the upper component. The wavefunctions are solutions of the Dirac equation (see Eg. (1)) with Coulomb
potentialsVs(r) = ag/r + Us andVy (r) = oy /r + Uy, Whereag = —1.279,Ug = 506 MeV,ay = —0.779,Uy =515 MeV,

m = 330 MeV andM = 1480 MeV. This corresponds tojg,» — p1,2 splitting of —52 MeV.

ay/r + Uy, whereUg y are constants. As an example Fig. 38the upper and lower components for
Dirac wavefunctions of thep1,2, — p3/> doublet. The scalar and vector potentials were determined by
matching the available spectral data of mesons, assumigg a p1/2> = —52 MeV. This maximizes the
wavefunction differences. In this realistic ca$g,(r) ~ Vs(r) + Us — Uy, so the radial wavefunctions
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Fig. 39. (a) The square of the Dirac momentum space wavefunction of the upper componegttiigsThe square of the
Dirac momentum space wavefunction of the lower component ti[ﬁE@ther conventions are the same afig. 38

for the upper components are not exactly identical but are very close, whereas the radial wavefunctions
for the lower components are very different. The lower components are also comparable in magnitude
to the upper components implying that the system is very relativistiEign39we see that the radial
momentum space amplitudes are very similar for both the upper and the lower components as well. This
prediction of spin symmetry can be tested in the following experiments.

The annihilatiore*e™ — D D§, D D3 and D3 D3 allows for the extraction of th®} and D} elec-
tromagnetic static form factors and tii¥) to D5 electromagnetic transition form factor. The photon
interaction ensures that all radial amplitudes of the light quark are accessed. When spin symmetry is
realised, there are only two independent radial momentum space amplitudes, which should enable the



236 J.N. Ginocchio / Physics Reports 414 (2005) 165—-261

prediction of one of the three form factors in terms of the other two. Thus the verification of the predic-
tions of spin symmetry is possible. On the other hand, non-relativistic models, with no lower components
for the wavefunctions, have only one independent radial wavefunction, which will lead to the prediction
of two of the form factors in terms of the remaining one. This might be too restrictive. The proposed
experiment can be carried out at the Beijing Electron Positron Collider at an energy of approximately
1 GeV above thg (4040 peak in the final stat® Drn.

An equivalent experiment fdk-mesons would involve detection of tléK == final state, which has
already been measur¢tid5]. The wavefunctions oK-mesons fitting the experimental spectrum show
similar behaviour to thé-mesons, with thes,» and p1/> wavefunctions even more similar than in
Figs. 3& and39.

If B-mesons do also exhibit spin symmetry, one can do equivalent experiments around 1 GeV above
the T (3S) peak at the SLAC, KEK or CESRfactories.

14.4. QCD origins

One gluon exchange produces a linearly increasing vector potential between a quark and an antiquark
[146]. Presumably the scalar potential comes from two or more gluon excfitdigjevhich is consistent
with lattice QCD result$148]. Hence spin symmetry in hadrons has QCD origins as does pseudospin
symmetry as we have seen in Section 6. The puzzle is why do we have spin symmetry in hadrons and
pseudospin symmetry in nuclei?

14.5. Summary

The observation of “accidental” spin—orbit degeneracies observed in heavy-light quark mesons can be
explained by a relativistic symmetry of the Dirac Hamiltonian which occurs when the vector and scalar
potentials exerted on the light quark by the heavy antiquark differ approximately by a comstantx
Vs(r) + U. Conversely, if future experiments determine that spin—orbit splittings are small not only for
the lowest excited states in mesons but are small throughout the meson spectrum, this experimental fact
dictates that the effective QCD vector and scalar potentials between a quark and antiquark are ap-
proximately equal up to a constant, which would be a significant observation about the nature of non-
perturbative QCD. Furthermore, the approximate symmetry predicts that the spatial Dirac wavefunction
for the spin doublets will be approximately equal in momentum space, a feature which can be tested in
electron-positron annihilation.

15. Exactly solvable Dirac Hamiltonians

The Dirac Hamiltonian can be solved exactly in terms of the special functions for two potentials:
harmonic oscillator in either the spin or pseudospin limit and the Coulomb for all strengths. We dis-
cuss both.

15.1. Relativistic harmonic oscillator with spin symmetry

If the scalar and vector potentials are equal up to a constagty =V (v) /2+ VSO, Vv (F)=V () /2+ V9,
and are harmonic oscillatov,(¥) = (M/2)Y"2_;w; x?, with M = M + v (we have set = ¢ = 1), the
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Dirac Hamiltonian is exactly solvabl@1]. We shall only discuss the spherical symmetry limit= o,
here[150-154]

15.1.1. Eigenfunctions
The upper amplitudes of the eigenfunctions are

[ 23 .
8n,.(r) = N (EN) m e /Z)CZL%—H/Z) x?) (162)
2

whereLf,“l/z) (x?) is the Laguerre polynomiak, = ir, r = ,/Zf’zl xl.2 is the radial coordinate,

W2 1/4
A= [(EN + M)Tw} , (163)

with E = E — V. The lower components are

and

fupoe,j=e—1/2(r) (165)
N(E 2.°n!
= —— ( I,Y) " 3 e_xz/z.xe_l
M+ENYT(+n,+3)
_ A
x ((n + DLY /2 (6P + (nr + 0+ 5) L2 (x2)) (166)
N (EN) 2°n!

St j=t4172(r) = =———=
IS T L En Y T, £ 3

; e 2L IID (2 4 LT (2 . (167)

The functionf,, ¢, j—¢—1/2(r) hasn, +1 nodes, one more node than the upper component. The amplitude
fn, .0, j=e+1/2(r) has the same number of nodes as the upper component. This agrees with the general
theorem relating the number of radial nodes of the lower components to the number of radial nodes of
the upper componeipt6].

15.1.2. Energy eigenvalues
The energy eigenvalue solution is

~ 1
EN:M[B(AN)—i-——l-

0
3+ 85 ANJ +Vve, (168)
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where

2/3

[ A2 32

2 ’

B(An) = (169)

Ay =C(N + %), C = V2w/M, andN is the total oscillator quantum numbe¥,=2n + ¢ =0, 1, .. ..
We note that there is not only a degeneracy due to spin symmetry but there is also the usual degeneracy
of the non-relativistic harmonic oscillator; namely, that the energy depends only on the total harmonic
oscillator quantum number and the states with N, N — 2, ..., 0 or 1 are all degenerate.

The eigenvalue¥y are real for all values oV as long asCl, VS v are real. Although true it is
not obvious becausB(Ay) is not real for allAy real. From Eq. (169)B(AN) is clearly complex for

AN < ,/2—7. However, we now show analytically thaty will still be real even ifB(Ay) is complex as
long as|B(Ay)| = 2/3.
The imaginary part oty is

1 1 *
B(Ay)+ 3+ ] |:B(AN) + =+ ]
m Ey — [ 9B(An) _ 9B(An) (170)
l
Writing B(Ay) = |B(Ay)|€Y
4 .
ImEN=<|B(AN)|—m> S|nlp ’ (171)

and thereford y isreal if | B(Ay)|=2/3 independent af. Onecan show numerically tha@(Ay)|=2/3

forall Ay inthe range from zero tg/; 0<AN< ,/ .ForAy > 7, B(Ay) is clearly real and hence

Ey isreal.
The spectrum is non-linear in contrast to the non-relativistic harmonic oscillator. However for
small Ay

Ey~ ~(1+—+---)+v§ (172)

and therefore the binding energyy — M ~ (N + %) + V0, in agreement with the non-relativistic
harmonic oscillator. For larga y the spectrum goes as

1
Ey ~ M (A2/3+§+--->+V8, (173)

which, in lowest order, agrees with the spectrumfbr— 0 [155].
In Fig. 40 we plot the spherical harmonic oscillator energigs= Ey — M with Ey given in
Eq. (168), the solid curve, as a functiondf We chose the parameters to fit the lowest eigenenergies
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Fig. 40. The Dirac single particle energieg;, for the spherical harmonic oscillator as a functio\ofThe exact energies are
the solid line, the perturbation approximation is the dashed line, and the asymptotic approximation is the short dashed line.

of the spectrum of an anti-proton outside'80 in the relativistic mean field approximati¢h32] and
they areC = 1.33, M = 252 MeV, andv = —677 MeV.

The dashed curve isy using the perturbation approximation Bfy given in Eq. (172). The short-
dashed curve isy using the asymptotic limit of ; given in Eq. (173). Clearly the eigenenergies are in
the relativistic asymptotic regime and not the linear regime of the non-relativistic harmonic oscillator.

In Fig. 41we plot the spherical harmonic oscillator excitation energigs= Ey — Eq for differentN
on the far left. Each level has(& + 2)(N + 1) degeneracy because of spin symmetry and because the
allowed orbital angular momentaate- N, N — 2, ..., 0 or 1 and the allowed orbital angular momentum
projectionsaren =¢,¢ —1,..., —¢.

The non-spherical spin symmetric relativistic harmonic oscillator for triaxial and deformed axially
symmetric shapes has been solved as {#4l]. The energy eigenvalues have the same functional form
as in Eqg. (168) but the variabbeis given by the sum of the number of nodes along each of the three axes
weighted by the harmonic oscillator strength in that direction. In the righigpf4 1we plot the deformed
excitation energiesE;“\,’n = En n; — Eo,0 Wherenz is the number of harmonic oscillator quanta in the
z-direction[11]. The deformed excitation energies are staggered in groups forNeaad each group
contains the levels fat3 = 0, 1, ..., N with the excitation energy increasing with decreasiagThe
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Fig. 41. On the left the excitation energigsy,, for the spherical harmonic oscillator are plotted for ebcleach level has a
(N 4+2)(N +1) degeneracy because of spin symmetry and because the allowed orbital angular monfeatd . ake—2, ..., 0
or 1 and the allowed orbital angular momentum projectionsasel, £ — 1, . .., —£. On the right the excitation energids*, for
the deformed harmonic oscillator are plotted in staggered groups foNe&azth group contains the levels fggy=0, 1, . . ., N.
Each level has a(/ —n3) + 1 degeneracy fofN — n3) even and a@V —n3 + 1) degeneracy fofN — n3) odd because of spin
symmetry and because the allowed orbital angular momentum projections-ate(N — n3), £(N —n3 —2),...,+10r0.

dimensionless oscillator strengths are determined by Ci C3 and assuming a deformatior= 0.33
which leads taC; =1.49, C3=1.05[10]. Each level has a(? — n3) + 1 degeneracy fofN — n3) even

and a 2N — n3 + 1) degeneracy fo(N — n3) odd because of spin symmetry and because the allowed
orbital angular momentum projections ate= +(N — n3), =(N — n3 — 2), ..., =1 or 0. The splitting

of the levels within eacN appears to be approximately linear with

15.1.3. Relativistic contribution
The normalizationt”(E) has the same functional form independent on whether the harmonic oscillator
is triaxial, axially deformed, or sphericdl1]. This normalization has also been calculated independently

. N oS N 2 N
by using /=3, dx [Z3, dy [Z3, dz (LfF PP+ 1f,r P)IP) = J25 dv [2, dy [2, deg () 7E s 8 ()
and we find agreement between the two different ways of calculating).
This also tells us that the probability of the lower component to the upper component is given by

Jo% A [75 dy [75) dz (1 (DI + 1, (D) 1P) _ B
[0 dx [52 dy [°0 dz [k (F)I? 20Ex + M)

Re = (174)
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Fig. 42. The ratio of the probability of the lower components to the upper compomantéor the spherical harmonic oscillator
as a function of.

Thus for E, ~ M the system is not very relativistic and the contribution of the lower components is
small. ForE, > M, this ratio approache% For free particles this ratio approaches unity which indicates
that the harmonic oscillator reduces the relativistic effect.

In Fig. 42we plot this ratio for the spherical harmonic oscillatBr, as a function olN. Even for
the most bound states this probability is about 20% and thus the antinucleon bound inside the nucleus is
much more relativistic than a nucleon inside a nucleus for which this probability is about 1%.

15.2. Relativistic harmonic oscillator with pseudospin symmetry

The relativistic harmonic oscillator in the pseudospin limit does have positive energy bound states
[157,158] This is in contrast to finite potentials, which, as shown in Section 3, do not have positive
energy bound states. The reason the argument in Section 3 is not valid for the harmonic oscillator is that
A(r) in Eg. (81a) is not always positive becauggr) — Vy (r) — —oo asr — oo instead of going to
zero as is the case for finite potentials.

The energy eigenvalue equation is

Eo=M E(A~)—}+~— +v2, (175)
N N 3 9B(Ay) 1%
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where

2
[42 | 32 |3
AN—F A}\~/+T7
(176)

B(Ag) = 5 :

whereA; = C(N + 3), C = +/20/M, and N is the total pseudo-oscillator quantum numbEr=
2, + £ =0,1,....We note that there is not only a degeneracy due to pseudospin symmetry but the
energy depends only on the total pseudo-oscillator quantum number and the states with pseudo-angulat
momentun¥ = N, N — 2, ..., 0 or 1 are all degenerate. Thus the energy spectrum is positive and real
forall N.

However, the spectrum of this pseudospin symmetric relativistic harmonic oscillator will be unrealistic.
For example the lowest energy state will be the @ state since it hag, = 0, ¢ = 0. In addition the
spin aligned states with zero radial nodes, /8, Op3/2, etc., do not exist which means that there are no
“intruder” states. Furthermore, the eigenstates will have the wrong nodal structure for “positive” energy
states as given in Eq. (89). For example, the lower component of{yestate has no radial nodes instead
of one nodg158]. In fact the eigenstates have the nodal structure of the “negative” energy states shown
in Eq. (90).

15.3. Dirac Hamiltonian with a tensor potential

Although in this review we have focussed on vector and scalar potentials, a particle interacting with an
external electric field ; through its anomalous magnetic moment, is described by a Dirac Hamiltonian
with a tensor potential 2i, 5y; E£;. If the electric field is linear in the radial coordinate; = Eor;, then
this Dirac Hamiltonian can be solved exactly and this system has become known as a “Dirac Oscillator”
because its eigenfunctions are harmonic oscillator wavefundti®®s-162] However, its spectrum is far
from harmonic oscillator-like. The eigenvalues for the spin aligned states with the same radial quantum
number have the same energy producing infinite degeneracies. Therefore this potential is not realistic for
nuclei. However a small admixture with equal scalar and vector potentials provide realistic spin—orbit
splittings[153,158]

15.4. Relativistic Coulomb potential and its analytical solutions

The Dirac HamiltonianH,., with spherical scalar and vector potentials of the Coulomb shape;
as/r, Vy = ay/r, can be solved analytically for arbitrary strengths of vector and scalar potentials, not
just in the spin and pseudospin lim[tg]. We use the convention introduced in Section 3.2 withithe
quantum number defined in Egs. (75)—(77). The upper and lower radial amplitudes are
gﬁr,K(x) = Nﬁ,,x efx/Z x“,’*le* (x), (1773-)

ny,K

K

N_
fip(x) = ——25

Mgy i

e—X/2x‘r'—1Fﬁ—Nc(x) , (177b)
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where
F () =via, o Fl—iiy. 2+ L x] £, Fl-i, + 1,2y + 1, x]

Fla, b, x] is the confluent hypergeometric function and

N 2)/2,I' 2y +1+n,]

_ _ 2y +n,
2y + 1] | (L4 15 2) <1+ = )

ny,K
y:,/;cz—oc%,+oc§ )
— 2 2
A= M —Eﬁr’K ,

o M+ Ej,
Hnr,lc - M _ Eﬁr,K !

1
Vi, .k = E(“S + o)y, o+

1 (ay — as)

> + K

.ur_zr,;c
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(177¢)

(178a)

(178b)

(178c)

(178d)

(178e)

For k < 0 the quantum number, takes on integer values = 0, 1, 2, ... and is the number of radial
nodes. Fok > 0 the quantum numbay,. takes on integer values =1, 2, ... andn, — 1 is the number of
radial nodes. This follows from the fact that, = O for « > 0 and thus the amplitudes, .(x), fz, «(x)

in Eq. (177) vanish fok > 0.
The energy eigenvalues are

—oyors & iy + )y — o + iy +7)?
oy + (i + )

ny,K

In the non-relativistic limitzg y small, the eigenenergies become

B 2 2

oc + o
EXf ~M 1_Wv_u} ,
rs 2]’12

wheren is the principal quantum number= i1, + |«| [7]. Thus the eigenstates with the same principal

guantum number are degenerate which follows fron0&d) symmetry[163].

(179)

(180)

The relativistic Coulomb potential breaks this symmetry but the eigenstates with thei same| x|
will have the same energy; that is, the states with the same principal quantum ramalibe samg,
1s1/2 and Qpy/2, 1p3/2 and Qf37, etc., will remain degenerate. The generator of this symmetry

> -

.5 og-r
B =—IKys5(H: — M) + — v M+ asHe)

(181)
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commutes with the Dirac HamiltoniaH, and anticommutes witlt given in Eq. (75), producing a

supersymmetry164].
In the spin limit,zs = «y, and the pseudospin limits = —ay, the eigenenergies become
2 2
—oa5 £
Ef=m| S|, (182)
oy, + n?
2 2
+n
EP—m |2 , (183)
oy + n2

respectively, and thus only depend on the principal quantum number which follows from spin and pseu-
dospin symmetry.

In the spin limitE;~ = —M so there are no bound Dirac negative energy or sea states, while in the
pseudospin limitE?*" = M so there are no bound Dirac positive energy or valence states as shown in
general in Section 3.3. However, even for an infinitesimal difference between streggthsay + 6 an
infinite number of bound states appear and the positive energy is, up to third oéder in

P 7] O LA (184)
iy, K 252 2}’14(1 —2n/|x|)

Therefore pseudospin symmetry exists up to second ordeaid is broken only in third ordg6].

16. Pseudospin in nucleon—nucleon scattering

Because of the success of approximate pseudospin symmetry in nuclei and because of the relationshig
of pseudospin symmetry with QCD, we would like to determine if pseudospin symmetry has a more funda-
mental rationale. For this reason we ask the question: Is pseudospin symmetry approximately conserved
in the nucleon—nucleon interaction? The nucleon—nucleon interaction is quite complicated including
both central and non-central interactions like the tensor interaction. For this reason it is obvious that the
nucleon—nucleon interaction does not conserve spin. On the other hand, there exists nucleon—nucleon in-
teractions that conserve pseudospin symmetry and have both central and non-central interactions. Hence
the issue of pseudospin conservation is not obvious.

16.1. Spin—pseudospin transformation matrix for scattering states

The nucleon—nucleon scattering matrix is tabulated in the spin basis. Thé&S3pimbital angular
momentum(L) non-relativistic basis for the nucleon—nucleon scattering states is of the form

\fL. L.S. J. M. T, T:) = frnlY P A 0z1905 w15 (185)

where f; is a spherical Bessel of the first or second kind or a linear combination of/bistthe relative
distance between the two nucleons arnt unit vector, (i) is the spin function for théh particley (i)
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is the isospin function for thih particle,J, M are the total angular momentum and its projection, and
T, T, are the total isospin and its projection. Boe O the basis states will have= J, whereas fo§ =1,
L=1J,J—1,J+ 1. Since the states must be antisymmettie; S + 7 must be odd.

The spin generators and pseudospin generators for two nucleons is just the sum of the generators for
each nucleon. From Egs. (20) and (52) we see that the transformation from spin to pseudospin is for two
nucleons is

-

S=U,SU, , (186a)
p P
where
Up=o01-po2-p, (186b)

andg; is the spin of theth nucleon ang is the unit relative momentum since we have assumed that the
total momentum is zero.

ClearlyU, does not changé, M, T, T. Just as for spin, fo§ = 0 the basis states will havie = J,
whereasfoS=1,L=J,J —1, J+1.AlsoL + S+ T must be odd. Since the operatdy is symmetric
in the particle number, the states wih+ L odd (even) are a linear combination with states w§ith L
odd (even). By the same tokeud,, does not change parity which means it does not mix even andl.odd
Therefore that means that states with different sgjnlo not mix andS = S.

Therefore the transformation from the spin basis to the pseudg¢Spipseudo-orbital angular mo-
mentum(L) basis will be given by

MDY =(fr,L,S,J,M, T, T,|Up|fr,L,S,J,M,T,T;) (187)

which will be a four by four matrix for eachsince(L, S), (L, S)=(J,0), (J, 1), (J —=1,1), (J +1, D).
Evaluation of these matrix elements gij&65]

-1 0 0 0
0 1 0 0
MY — 1 NZ-1 | (188)
0 0 & N,
N2-1 1
0 0 * -5

whereN; =2J + 1.

. : ; ) ) =5 ~ 5= =
A simple calculation shows th# is orthogonal) _; sz,Sf,L,sML,s,Z,S =0f 105 5

16.2. Scattering matrix in the spin representation

For S = 0 clearly L = J. There can be no mixing betweeh= 0 and 1 forL. = J because these
states have different isospin. There can be no mixing betéeery andJ + 1 for § = 1 because these
states have different parity and different isospin. Using the standard parametrization of the scattering
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maitrix [166,167]we have

e2i00,7,1 0 0 0
W 0 forrs 0 0
S - 0 0 €01.7-17 cog2¢y) ie'% sin(2e)) ' (189)
0 0 i) sin2e,)  €H0Lu1s cog2e))

Whereé(f) = (01.7-1,7 £J1.741.7), ds.1.s IS the phase shift, ang is the mixing angle.

What conditions do spin symmetry and orbital angular momentum symmetry impose on the scatter-
ing matrix? The conditions depend on whether the symmetry is an invariant symmetry or a dynamical
symmetry. An invariant symmetry is the most restrictive because the generators commute with the Hamil-
tonian. A dynamical symmetry requires only that the representations of the symmetry not be admixed.
For example, a spin—orbit interactiof; L, will conserve spin and orbital angular momentum quantum
numbers, but the generators will not commute with it so it will lead to a dynamical symmetry rather than
an invariant symmetry.

As we have seen already, total angular momentum plus isospin conservation imply no mixing of spin
and no mixing of orbital angular momentu= J with L = J + 1. Clearly, the condition for orbital
angular momentum conservation of either an invariant or dynamical symmetry is that there be no mixing
between. = J + 1 and therefore

e;=0. (190)

The condition for spin and angular momentum invariance implies additional restrictions on the phase
shifts. These conditions are that the phase shifts are independent of the orientation of the spin with
respect to the orbital angular momentum:

01,L,7 =01,L,J+1=01L,J-1 - (191)

However, if for example the Hamiltonian had a spin—orbit interacﬁoil,, the Hamiltonian will conserve
spin and orbital angular momentum, but the phase shifts will not be equal. Therefore Eq. (191) is a test
of an invariant spin symmetry.

16.3. Scattering matrix in the pseudospin representation

The same restrictions hold for pseudospin and pseudo-orbital angular momentum as spin and orbital
angular momentum and the scattering matrix is

i 0 0 0
) 0 e 0
= < G
S 0 0 €117 cog2ey)  i€'% sin(2e)) (192)
307 i5
0 0 id% sin(2e;)  €2917+17 coq2¢y)
Likewise the condition for pseudo-orbital angular momentum conservation is
€;=0 (193)

and the condition for pseudospin and pseudo-orbital angular momentum invariance is

0177 =017 41 =017 /-1 - (194)
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Table 8 .
T = 0 pseudospin phase shifts 7 7 and mixing angleg; both in degrees as a function of the kinetic energy
K.E. 34101 d121 @ 0123 0143 @ 0145 0165 5 0167 0187 &7
(MeV) (deg) (deg) (deg) (deg)  (deg)  (deg) (deg) (deg) (deg) (deg) (deg)  (deg)
0.0 0.0 180 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
50 —3.058 59.392 20.000 0.206-0.141 1.617 0.014 —0.086 0.198 0.001 —0.010 0.028
100 —7.514 38.506 17.778 0.101 0.422 3.665 0.0060.292 0.697 0.000 —0.062 0.161
150 —11.334 25.570 16.127 -0.275 1.273 5.238 —0.050 -0.467 1.231 -0.013 -0.140 0.350
200 —14.371 15.874 14.809 —0.767 1.977 6.374 —0.141 -0.566 1.730 —0.037 —-0.226 0.554
250 —16.772 7.945 13.675-—1.284 2.385 7.172 —0.252 —-0.586 2.182 —-0.071 —-0.309 0.759
300 —18.641 1.104 12.647 —-1.772 2493 7.726 —0.375 —-0.538 2.586 —0.112 —-0.382 0.954
350 —20.036 —-5.036 11.677 —2.202 2.357 8.111 —0.501 -0.434 2.946 —0.157 —-0.444 1.140

However, if for example the Hamiltonian had a pseudospin—pseudo-orbitinteratiigthe Hamiltonian
will conserve spin and orbital angular momentum, but the phase shifts will not be equal. Therefore
Eq. (194) is a test of an invariant pseudospin symmetry.

In order to determine the pseudo phase shifts in terms of the phase shifts we use the fét that
MO SO M) This gives

05,00 =087 » (195)
37 =5, (196)
cos(S(J_)) cog2¢,) = coss ) cog2e ) (197)
. 2 /N?—1sin2e;) — (N? = 2) sin(67) cog2¢y)
tan3 )= V7 i ! o (198)
N2 cogs}”) cos2e))
2./N? — 1 sin(67)) cog2e;) + (N? — 2) sin(2¢,)
sin(2z,) = 7 o ! v (199)

2
Ny
16.4. Test of spin and pseudospin conservation

We use the compilation on NN-Onlif@68,167] which tabulates measured phase shifts and mixing
angles in the spin representation for angular momentum up£8 and kinetic energy up to 350 MeV, to
calculate the pseudospin phase shifts and mixing angles from Egs. (195)—(199). Because Eg. (195) state:
that the spin and pseudospin phase shifts WithL = J are equal we need only calculate the pseudospin
scattering matrix fol. = J + 1. These calculated pseudospin phase shifts and mixing angles as a function
of the kinetic energyK .E.) using the plane wave analysis (PW) are tabulatethivies 8and9.

An analysis of the phase shifts shof#$5] that the largest violations of the conditions in Egs. (191)
and (194) for the = 0 are forL = L = 2. The spin violations are smaller than the pseudospin violations
for small kinetic energy, but for larger kinetic energy the pseudospin differences are smaller, except for
L =L =2.AsL andL increase the violations decrease until they are very small indeed but pseudospin
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Table 9
T = 1 pseudospin phase shiﬁfi 7 and mixing angle§; both in degrees as a function of the kinetic energy

K. E. 6112 9132 & 0134 0154 ¢4 0156 9176 ¢6 01,78 91,98 €8
(MeV) (deg)  (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg)
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
50 —-0.111 6.300 —0.408 —-0.016 0.134 -0.155 —-0.006 0.013 -0.018 —0.000 0.001 -0.003
100 0.162 11.538 —0.389 —-0.012 0.555 —-0.438 —-0.021 0.068 —0.090 —0.000 0.008 —-0.022
150 0.539 14.422 -0.112 0.021 1.158 —-0.684 -0.025 0.147 -0.184 0.001 0.022 —-0.055
200 0.842 15.941 0.249 0.074 1.842—-0.875 —-0.009 0.233 -0.285 0.005 0.042 —-0.096
250 0.982 16.758 0.612 0.137 2.516-1.019 0.028 0.323 —-0.386 0.010 0.067 —-0.140
300 0.925 17.223 0.928 0.200 3.097-1.126 0.084 0.413 —-0.486 0.017 0.096 -0.184
350 0.676 17.508 1.169 0.255 3.517-1.205 0.157 0.501 -0.583 0.025 0.129 -0.226
20
r VRN
L / ~
i / S
i ! ~
-
15+ ! S
/ ~

10 | T=0

Mixing Angle
(Degrees)

0 50 100 150 200 250 300 350 400
Kinetic Energy (MeV)

Fig. 43. TheT = 0 mixing angles ; (solid line) ande; (dashed line) as a function of kinetic energy and angular momeditum

is no better conserved than spin. For the- 1, the spin phase violations are smaller than the pseudospin
phase violations as a function of kinetic energy, excepLferL = 1. AsL andL increase the violations
decrease until they are very small indeed but pseudospin is no better conserved than spin. Therefore
neither spin nor pseudospin is an invariant symmetry.

In Figs. 43and44 the mixing angles; ande¢; are plotted forT = 0 and 1, respectively. F&f =0
the pseudo-orbital angular momentum mixing angles are larger than orbital angular momentum mixing
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Mixing Angle
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Kinetic Energy (MeV)

Fig. 44. TheT = 1 mixing angles; (solid line) ande; (dashed line) as a function of kinetic energy and angular momeditum

angles for low total angular momentum, but the mixing angles become identical for large total angular
momentumlJ, while for T = 1 the orbital angular momentum mixing angles are larger than the pseudo-
orbital angular momentum mixing angles for low total angular momentum, but become identical for large
total angular momenturd The mixing angles fof" = 1 are generally smaller than f@r= 0.

These results suggest that the pseudospin symmetry generated by operators in Eq. (52) is neither ar
invariant symmetry nor a dynamic symmetry of the nucleon—nucleon interaction.

16.5. Summary and conclusions

Spin (pseudospin) invariance implies the phase shifts for a given orbital angular momentum (pseudo-
orbital angular momentuni) (L) should be independent of the total angular momenduifhere are
substantial differences between the phase shifts for low orbital angular momentum and pseudo-orbital
angular momentum but these differences decrease as the orbital angular momentum and pseudo-orbita
angular momentum increases. The phase differences show that neither spin or pseudospin is an in-
variant symmetry but there is the possibility that one or/and the other may be a dynamical symmetry
since dynamical symmetry does not demand that the phase shifts for algiven and differentJ
be identical.

Onthe other hand the non-zero mixing angles imply that orbital angular momentum and pseudo-orbital
angular momentum breaking is neither an invariant symmetry nor a dynamical symmetry. However
the mixing angles are not large for the energies measured except#£00, / = 1 in the pseudospin
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representation. The symmetry breaking is more substantial fdr tad states then for th€ = 1 states
and in both cases the symmetry breaking decreaséfaseases. Furthermore, the pseudospin mixing
angles are less than the spin mixing angleg/fer 1 which suggests that pseudospin may improve as the
neutron excess increases which is consistent with systematic studies in[hu8|¢20,121]

In summary although pseudospin symmetry is favored over spin symmetry f@rthé& part of the
nucleon—nucleon interaction there are no dramatic differences between spin and pseudospin breaking in
nucleon—nucleon scattering.

17. Summary and future

We have reviewed the theoretical and empirical evidence for relativistic pseudospin symmetry in nu-
clei and spin symmetry in hadrons. Small energy splittings between pseudospin doublets are measured
in nuclei and calculated in the relativistic mean field approximation. These same relativistic mean field
calculations show that the scalar and vector potentials approximately satisfy the conditions for pseu-
dospin symmetry and their eigenfunctions approximately satisfy the conditions imposed by pseudospin
symmetry. Pseudospin symmetry conservation increases as the binding energy decreases and as th
pseudo-orbital angular momentum decreases. Pseudospin symmetry predicts the small magnetic dipole
transitions measured between the states in the doublets very w&lCfarand quite well throughout the
nuclear table. The Gamow-Teller transitfita — 3°K is predicted well but empirical tests throughout
the nuclei chart have yet to be carried out. Approximate pseudospin symmetry predictions for quadrupole
transitions are remarkably well obeyed.

Expectations are that the pseudospin symmetry will improve for the neutron orbitals in neutron rich
nuclei and for the proton orbitals in proton rich nuclei. Such nuclei shall be produced in rare isotope
accelerators.

For nucleon scattering from nuclei the pseudospin conservation increases with the kinetic energy. Also
neutron scattering from nuclei should show better pseudospin conservation than proton scattering from
nuclei at comparable energies.

Pseudospin symmetry in nuclei predicts spin symmetry for anti-nucleons in a nuclear environment. A
limited amount of data on polarized anti-nucleon scattering from nuclei supports this conclusion. Perhaps
more data will become available as more intense anti-nucleon beams are produced.

18. Future—beyond the mean field

The fact that nuclei, which are dominantly non-relativistic, have a relativistic symmetry is reminiscent
of Alice in Wonderland. In her journey through Wonderland, Alice encounters a cat with a grin which she
finds curious. While conversing with the cat, the cat slowly disappears except for its smilEigs4a
“Well! I've often seen a cat without a grin,” thought Alice, “but a grin without a cat! It's the most curious
thing | ever saw in all my life'[169]. Relativistic dynamics in nuclei is like the cat whereas pseudospin
symmetry is like the grin and to have one without the other is indeed curious. Even more curiouser is the
fact that the conditions for pseudospin symmetry have origins in QCD. This situation implies that there is a
fundamental rationale for pseudospin symmetry. For that reason we investigated pseudospin conservation
in nucleon—nucleon scattering. We found that pseudospin symmetry is an approximate dynamic symmetry
inthe isospin one channel and less so in the isospin zero channel. However, a more generalized pseudospil
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Fig. 45. “Well! I've often seen a cat without a grin,” thought Alice, “but a grin without a cat! It's the most curious thing | ever
saw in all my life!” [169].

symmetry with generators given in Eq. (14), which reduces to pseudospin symmetry in the mean field
approximation, may be conserved in nucleon—nucleon scattering and is currently being investigated.
Hence, the final conclusion on an approximate symmetry for the nucleon—nucleon interaction is still to
be rendered.

Although we have restricted ourselves to spin symmetry in heavy mesons, small spin orbit splittings
are observed in baryons as well. This prevalence of spin symmetry needs to be investigated more deeply.
One puzzle is: Why do hadrons exhibit spin symmetry while nuclei exhibit pseudospin symmetry?

19. Appendices
19.1. Orthogonal transformation in four dimensions

The orthogonal transformation of the four veatpse; ), O, is the product of a rotation in four Euclidean
dimensionsR, and a discrete reflection in this spatk,

O =RII . (200)

A rotation group in four dimensions is isomorphic to h&(2) x SU(2) group. For the Dirac matrices
the generators of these rotations are

X4y X —iy;
=—, P=—",
4 ! 4

with commutation relations,
(Ki, Kjl1=l€¢jxKk, [Pi, Pjl=l€ijiPr, [Ki, Pj1=0. (202)

K; (201)
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In terms of SU (2) x SU (2) the four vector(p, «;) transforms like a double spinor

Ti2.1/2 =—(ax +ioy), Tro—12= (ot +1p), T-1/21/2= (a; —ip),
T_1/2,-172 = (ax —iaty) . (203)

Thus the transformation matrix far 7/ = I§TR
T, = 7Y (k. 0k V)27 (Gp. 0p W p)T (204)

wherequ, Ok, ¥k, dp, 0p, yp arethe Euler angles for the rotations generateil jgnd P;, respectively,

and@,ﬁ%z) (¢, 0k, Y g) are the Wigner D-functiongl70]. Transforming to the original basis we can
determine the matrix elemendg, in Section 2 in terms of the Euler angles whgre =0, 1, 2, 3:

€00 = 005[92 ] 005[02 ] cos[47] + cos[4g] sin [92 ] sin [92” } , (205a)
o=~ cos] 2] [ 2| st o] 2 | sin[ 2 |t o8
wna=cos] 2] cotain] 2] —co 25|t sn[ ] (2050
cns=cos] 25 coe 2| s — s 5] sn[ 2] st (050
ero= o ] sn[ 2] st +cos] 22| [ 2 st 0se)
e11= cos[gz } 005[92 ] cos[41] — cos[4z] sin [92 } sin [02”] , (205f)
2=~ 2o 2 |t —cos] 25 o] % st 2059
e13= cos[oz } cos[44] sin [02 } + cos[oz ] cos[43] sin [02 ] , (205h)
cao=— o 2] cotsaon] 5] + o] 2 ] costssn[ 2] . 2050
caxm—sn] 25 sn[ 2 st + oo 2o 2 st 2059
€20 = cos[ez ] 003[02 ] cos[41] + cos[42] sin [92 ] sin [92”} , (205K)

€23 = cos[gg} sin [92})] sin[43] + cos[e2 } sin [92 ] sin[44] , (206a)
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€30=— cos_%{- cos[a2 ] sin[47] — sin [92 } sin [02 ] sin[4g] (206b)
e31=— cos_%’)_ cos[4g] sin [%K} — 005[92 ] cos[45] sin [021)] , (206c¢)
Op Ok Ok Op
€32 = — COS ? sm[ > }sm[A@] +cos[ > }sm[ > ]sm[Ag,] (206d)
Ok Op
€33= cos[ } [ ]cos[A7] — cos[4g] sm[ > }sm[ > ] . (206e)
The phased;,
Al=%(¢K+¢P+lﬁK+¢P), Az=%(¢K+¢P—¢K—¢P)a (207a)
ASZ%(¢K+¢P+¢K_¢P)s A4=%(¢K+¢P—¢K+¢P)a (207b)
As=%(¢K—¢P+¢K+WP), A6=%(¢K—¢P—WK—¢P), (207c¢)
A7=3(px —dp +¥k —Vp), dg=73(pgx —bp — Yk +V¥p), (207d)

are not all independentt; + Ao = A3+ Ag, A5+ Ag = A7+ Ag, Ay — Ap» = As — Ag, A3 — Ag = A7 — Ag;
only four are independent.

From Eq. (201) we readily see thatandy; are related to the generatdts and P; and transform like
the six dimensional representation of the orthogonal group in four dimensions. In teS@is2)fx SU (2)
the generators transform like a vector—scalar

Tio=Ki, Toi=P: . (208)
Thus the transformation matrix far, 7’ = RT R
T/ o= 90 (b Ok Vi) o, Tg=20(dp. 0p.¥p)To, . (209)
With some algebra we obtain
Z; =/ j2j+ Bijy;, (210a)
vi=—Bi;Zj + iy, (210b)
where
Aiq= cod¢glcodOx]codyk] + codgplcodOp]codypl
o 2
3 (sin[qbK] sinfy g1+ sin[¢p] sin[x//p]) (211a)
2 )
Sipm — <cos{¢K] cod0k]sinyx ]+ cod¢p]lcodip] sin[lpp])
e 2
3 <COSWK] sin[¢] + cogy p] sin[cbp]) (211b)
2 )



254

J.N. Ginocchio / Physics Reports 414 (2005) 165-261

_ cod¢]sinlfx] + cod¢ plsinlop]

/1,3 5
&{21__CO{HK]C01¢KJS"H¢K]4—Coq9P]COqWP]S"w¢P]
o 2
n codopxlsiny ]+ codoplsiniypl
2 )
&{22__COq¢K]CquK]4—C0q¢P]COq¢P]_‘COqHK]S"w¢K]S"w¢K]
e 2
_ cog0p]sin¢p]sinyp]
2 b
sinf¢x1SiN[0x] + sin[¢ p] sin[0p]
A23= 5 ,
St — (coquJshwGK]4—c01¢p]shw9p])
3,1 - 2 1
Sin[0x ] sin[y k1 + sin[0p] sin[y p]
32= 5 ,
{%&3::COSOKIZC010P]’
(%11__COQ¢K]COSGK]COQ¢K]_‘Coq¢P]Coqu]Coq¢P]
o 2
(— sin[¢x1sinly g1+ sin[¢p] sin[th])
+ > ;
P cogy g lsinl¢g]+ codyplsinigp] — coddglcodlk]siny k]
e 2
cog¢plcodip]sinyp]
+ 2 L
2 _ cod¢glsin[dg] —cod¢plsinip]

1,3 - 2 1
E%21__coswk]cos{z//K]siln[QSK]——coswp]cos{tma]shnwp]
TeT 2

codopglsiny gl —codoplsinypl
+ 2 L
By = codpglcody ] — codgplcody p] — codlk]singglsiny ]
Tt 2
cogoplsin[¢plsiniypl
+ 2 L
sinf¢ g ]1sin[0x] — sin[¢ p]sin[0p]
B23= :

2

(211c)

(211d)

(211e)

(211f)

(2119)

(211h)

(211i)

(212a)

(212b)

(212c)

(212d)

(212e)

(212f)
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inf0g] — info
Byr=— (cosz]sm[ k] . cogy plsinl p]) | (2129)
P sinfOg]sin[y k] ; sinf0p]sinfyp] | (212h)
Baz= cog0k] ; cog0p] ' (212)

In order to preserve the anticommutation and commutation relations in Egs. (10) and (11), these matrices
satisfy:

AA +BB=1, AB+ BA=0, (213a)
Z €itmlAij A+ Bi,j Biil = €ikpA pm (213b)
il

Z €iimli j B+ Bi j A1l = €irp Bpm - (213c)

jil
The most general transformation of the orthogonal group in four dimensions for the four dimensional

representation and the six dimensional representation are given in Egs. (204)—(207) and Egs. (209)—(212),
respectively, for no discrete reflectiafi,= unity. There is only one independent reflection,

1.0 0
010 0
=190 1 of " (214)

0 0O

The four dimensional representation which includes this reflection is obtainethby —e; 0. The six
dimensional representation including the reflection is givedby> —2; in Eq. (210).

19.2. Invariant symmetry

In order to prove that the generatdisin Eq. (14) satisfy SU(2) commutation relations, we note that
B’ B = 1 follows from the anticommutation rules given in Eg. (10) and thus

A+HA+H=A-pHA-p)=2, (215a)

(1+p)L-p)=0. (215h)
Furthermore,

P Y =55 (216)

Sincep’ commutes withe! (see Eq. (11)) ang’, the commutation relation reduces to

/

1 1 -, . R,
57, Sj1=3 {[2’-, YA+ + == P s pa— ﬁ’>} (217)
8 A p-p A

which gives Eqg. (15a) after using Eq. (11).
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As for Eq. (15b), using Egs. (215)—(216)
c = o) o o
[S/, Her] = 2 {22(1 +po - p—d - p A+ B)

1 = = Lo
+ ﬂ[i-p' ;Y pa-pa - p

-7 TS5 pas ) (218)

Using the relations
o« =ysZ; = Ziys (219a)
x[y5 Z;1=0, {5 8}=0, (219b)

wherey; is the transformegs = (0 1) the right-hand side of Eq. (218) vanishes thus giving Eq. (15b).

19.3. Spherical amplitudes

We shall in fact go backwards in our proof. In the two column form in Eq. (50) clegly(r)[Y ¥
(0, q’))y](” is an eigenfunction of . f (¢, and j,. We expand the lower component into momentum
space,

Fant g Y0, $)115) = fo &7 fr ) @Y 0y, 90115 dG (220)
ThenE : zoperating on the lower component will give
Tl fu 0 ;Y 0, 41 = f T @ Y0, )0 g
/ &7 fo i (@)a - G0 Lo - GIY (04, 715 dG . (221)

Using the relations,

a- g0y o115 = 1Y P04, 9215,

a-41Y OOy, 0715 = 1Y 404, ¢ )215) (222)
we get
T i fn 0 (OO, Y = €+ D) o0 ;Y 0, 919 (223)

satisfying Eq. (49) and proving that is the right form for the eigenfunctions coupled to defifites

uncoupled eigenfunction will be just the inversion of Eq. (50); nan@x%m’#,M(?) = ZJ’M Ci%f”
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I‘Ufzr,e,j,MG)' The upper compone_nt is then given by Eq. (44) since a simple inversion is an involved.
However the lower component will have

0(1/2)j ~Li(1/2))
Y Cot Cotng” (224)
jM

Using the expressions for the Clebsch—Gordan coefficients,

~ le+3+Mm
(D412 AE12e-1/2 5
Cojom =Cul1m = T+l (2253)

1
01/2)e-1/2 _  ~e(1/e+1/2 tt3—-M (225b)

Cojom =—Coldpm = o1
we end up with Egs. (44) and (46).
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